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As an extension of several fuzzy structures such as fuzzy sets,
intuitionistic fuzzy sets, picture fuzzy sets, q-rung ortho-pair fuzzy
sets, and T-spherical fuzzy (TSF) sets (TSFSs), are an effective tool
for controlling the vagueness of data. Archimedean t-conorm (ATCN)
and t-norm (ATN), which consists of the t-conorm (TCN) and t-norm
(TN) families, is a crucial approach for fuzzy sets to produce extensive
operational rules. In this manuscript, for TSF numbers some core
operational laws are initiated based on ATCN and ATN, also some
basic characteristics of these operational laws are investigated.
Secondly, based on these operational laws TSF Archimedean weighted
averaging (TSPFAWA) and TSF Archimedean weighted geometric
(TSPFAWG) operators are initiated. Thirdly, we investigated special
cases of these aggregation operators and some basic properties. On the
behalf of the TSPFAWA and TSPFAWG operators, a novel method

for solving multiple attribute decision-making (MADM) problems
using TSF information is also devised. Lastly, a numerical example is
provided to demonstrate the applicability of the suggested technique,
and a comparison analysis is done to demonstrate its advantages.
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1. Introduction

Uncertainty always exists in almost all types of information that are based on human options. To reduce
this uncertainty (Zadeh 1965), announced the notion of the fuzzy set (FS) with membership degree (MD). In
addition, Atanassov (1989) offered the thought of the intuitionistic fuzzy (IF) set (IFS) with MD and
nonmember ship degree (NMD) always lies between the range of [0, 1]. IFS provides greater freedom to study
imprecise and ambiguous information. Furthermore, Yager (2013), provided the awareness of the Pythagorean
fuzzy set (PyFS) their sum of the square of its NMD and MD lies between [0, 1]. The generalization of the
PYFS set is provided by Yager (2016), in the form of taking ™ power of MD and NMD is called a g-rung ortho
pair fuzzy set (q-ROFS).

Human opinion has also a certain degree of refusal and abstinence. This indicates that the previous
structures of the generalized form of FS are unable to solve these types of confusing problems. To cover these
types of problems, a Picture fuzzy set (PFS) with the involvement of abstinence degree (AD) along with MD
and NMD firstly defined by Cuong (2015). The range of PFS also lies between the interval [0, 1]. Later on,
Mahmood et al. (2019), presented that the generalized form of PFS is said to be spherical FS (SFS), and after
some modification, by taking the g™ power of SFS he introduced a new idea called the T-spherical FS (TSFS).
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In FS theory MADM approach is a trending technique nowadays for the aggregation of information. We
use the MADM approach for the selection of the most suitable option from the given list of multiple options
by under consideration of the multiple standards at the same time. In FS theory number of AOs based on TN
and TCNs was defined by several mathematicians. For example, Munir et al. (2020), examined the Einstein
interactive AOs of TSFS. Liu and Wang (2018) proposed the concepts of geometric and averaging AOs for
orthopair FS and also examined their application to MADM problems. Wei (2010), presented the IF trapezoidal
fuzzy operators, and Jana et al. (2019) proposed the concept of Dombi AOs in IFS theory as well as in PyFS
theory. The g-ROFS Aczel-Alsina AOs defined by Khan et al. (2022). Ullah, Mahmood, and Garg (2020)
provided the thought of Hamacher AOs in the TSF environment while Hamacher AOs in the IFSs system based
on entropy measurement developed by Garg (2019). In FS theory IF hybrid geometric and arithmetic, AOs
were proposed by Ye (2017). The idea of Maclaurin symmetric AOs proposed by Ullah (2021). The IF cubic
AOs developed and their applicability to the MADM problem were discussed by Kaur and Garg (2018), and
Liu etal. (2019) discussed power Muirhead Maen AOs for TSFS and their application to the MADM problems.
In addition to that, some applications of TSFS theory by utilizing several types of operators and measures are
summaries by Ullah (2021).

In the theory of probabilistic fuzzy metric space Menger (1942), firstly proposed the concept of the
triangular norm. Over time, many TN and their corresponding TCNs and their operations are discussed in the
FS theory. For example, Strict ATCN and ATN were discussed by Nguyen, Kreinovich, and Wojciechowski
(1998). IF integral-based ATCN and ATN were presented by Lei et al. (2016). Continuous integral-based ATN
and ATCNs were introduced by Ai et al. (2020). The idea of maximal discrete ATN and ATCNs was presented
by (Bejines and Navara 2022). The interactive ATN and ATCN were presented by Wang and Garg (2021).

Almost all the AOs are developed on the bases of operational laws of algebra like the product, sum, scalar
multiplication, and power operation. However, ATN and ATCN is the generalized form of many kinds of FS
theoretic operations. ATN and ATCN provide better understanding and preciseness in results than other present
TN and TCN in the FS system. Because in ATN and ATCN have obtained all AOs by changing the value of
the function and it covers a wide class of TN and TCNs like algebraic, Frank, Hamacher, Einstein, and many
other classes of TN and TCNs. So, AOs based on ATN and ATCN are more significant than other existing
AOs.

For medical science problems, the MADM approach is a useful technique, such as the smart medical
devices selection for diagnosing the problem in the human body based on IF Choquet integral by Blyiikézkan
and Gocer (2019). The selection of LASER surgical instruments for surgery by using the MADM technique
based on neutrosophic FS and fuzzy TOPSIS method by Farooq and Saglain (2021). Pre-operative surgical
tool ordering by utilizing the MADM approach by Miller et al. (2008), and risk evaluation in the selection of
the prioritization of the medical devices by Jamshidi et al. (2015). Pamucar et al. (2022) delivered the concept
of supplier selection of healthcare instruments during the covid-19 pandemic situation. An efficient surgery
instruments supply selection methodology to hospital pharmacy by using fuzzy the MADM approach by
Manivel and Ranganathan (2019). By using the MADM algorithm to measure the effect of air quality on the
surgical instruments in operation theater by Colella et al. (2022). Rahman and Lee (2013), by using fuzzy logic
studied the assessment of the disturbance of surgical instruments during surgery. Tian and Juan proposed the
method of selection of the best surgical instruments through manipulation and perception. By using interval-
valued IF model evaluation of surgical instruments risk during organ transplant by Salimian et al. (2022).

A surgical instrument is a tool or apparatus used during an operation or surgery to carry out particular
tasks or achieve desired results such as modification of the biological tissues. Many surgical instruments have
been invented by several manufacturing companies. It is very difficult to decide for the hospital management
departments for giving the tender to the surgical company which offers the best quality instruments at
reasonable price rates. In this critical situation, we have proposed an ATSFWA and ATSFWG AOs model for
dealing with this kind of problem. In this article, we have considered the alternatives such as nature of the
material, purity of the material, accuracy in the functionality, designed by computer numerical control (CNC)
machines or by hand for the selection, and using the proposed ATSFWA and ATSFWG AOs algorithm for the
aggregating the fuzzy information.

The article offers the following information: Section 2, discussed some fundamental definitions for a better
understanding of the article. In section 3. we introduce operational laws for the aggregation of TSF information.
Section 4, proposed new AOs like ATSFWA, Archimedean TSF ordered weighted averaging (ATSFOWA),
and Archimedean TSF hybrid weighted averaging (ATSFOWA). ATSFWG, Archimedean TSF ordered
weighted geometric (ATSFOWG), Archimedean TSF hybrid weighted geometric (ATSFOWG). Section 5 also
discussed some desirable axioms. In section 6, develop the algorithm for explaining the MADM problematic
issue. On the behalf of our proposed AOs, solve the MADM problem in section 7. Compare our aggregation
outcomes with other existing AOs in section 8. Section 9, discussed the advantages of this article. Section 10,
provided the comprehensive conclusion and future research interest mentioned.
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2. Preliminaries

2.1. T-Spherical Fuzzy Set

In this segment, we discussed a few fundamental concepts related to TSFS, TN, and TCN also their
operational laws. These key concepts will make our article easy to understand for the reader.
Definition 1: (Mahmood et al., 2019), Consider the TSFS on X is T = {{x, pr(x), @1 (x), 77(x))} and pr, @
and 7, are represents the MD, AD and NMG of x € X respectively lies between the range [0,1] and 0 <

Sum(pk, p%,th) < 1 for n € Z. Here t\/l — Sum(pr(x), pr(x), 77(x)) is the refusal grade. So, this triplet

(p%, ok, L) is called TSF number (TSFN).
Remark 1 In the light of the above definition 1. We have proved that TSFS is comprehensive form of FS as
compare to the other existing fuzzy structures. That is,
When we take t = 2 in the above structure then TSFS becomes SFS.
When we take t = 1 in the above structure then TSFS becomes PFS.
When we take t = 2 and ¢ = 0 in the above structure then TSFS becomes PyFS.
When we take t = 1 and ¢ = 0 in the above structure then TSFS becomes IFS.
When we take t = 2 and ¢ = 7 = 0 in the above structure then TSFS becomes FS.
Definition 2: (Mahmood et al., 2019), Consider any TSFN T = {(x, p(x), ¢(x),t(x))}, for TSFS score
function (SF) is defined as follows:
S(T) = pt — @7 — 17 @
Where S(T) € [—1,1].
Consider any TSFN such as T = {{x, p(x), ¢ (x), T(x))}, then for TSFS score function (SF) can be defined as
follows:
A(T) = pi + @f + 77 )

where A(T) € [0, 1].

Definition 3: (Mahmood et al., 2019), Consider T; and T, be two TSFNs, then the ordering of those TSFNs by
using the follows the principles:

If S(Ty) > S(T,), then T, > T,

If S(T,) > S(T,), then

If A(T,) > A(T,),thenT; > T,

If A(T,) = A(T,), then T, = T,.

Definition 4: (Mahmood et al., 2019), Let three TSFNs such as R = (p, ¢,7), R, = (p1, 91, 71) and R, =
(p2, @4, T5) and 3 > 0, the following four fundamental algebraic operations can be defined as given below:

R{®R, = (t Pf + P; - pfpé, <P1<P2;T1T2)

R ®R, = (P1P2,‘P1‘P2'Vt Tf + T% - Tffg)
R =(VT=0=pD 0tk )3>0

R = (p;,q;;,fh —(1- rf)l) >0

2.2 Archimedean TN and Archimedean TCN

ATCN and ATN were introduced by Klir and Yuan (1995).
Definition 5:(Wang and Garg 2021), In FS theory TN is a function Q: [0, 1] x [0, 1] — [0, 1] that must be
satisfies the given following axioms V q, b, b€ [0, 1].
Property Q1. Q(a,0) = a Va.

Property Q2. I1f b < b* and b < b* then Q(b,d) < Q(b*, d").
Property Q3. Q(a,b) = Q(b, a) Vab.
Property Q4. Q(a, Q(b,d)) = Q(Q(a, b), d) Vabb.
Definition 6: (Wang and Garg 2021), In the FS theory, TCN is such type of function defined as
R:[0,1] x [0,1] - [0, 1] that satisfies the following properties ¥ a,b,d € [0, 1].

Property R1. R(q,1) = a Va.

Property R2. If b < b* and b < d* then R(b,d) < R(b", d").

Property R3. R(a,b) = R(b, a) Vab.

Property 4. R(a, Q(b,b)) = R(R(a, b), d) Vabd.
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Definition 7: (Wang and Garg, 2021), In FS theory TCN is such type of function Q(a, b) is said to be ATCN
if it is continuous and Q(a, a) > a Va € [0, 1]. If each variable for ab € [0, 1] is strictly increasing then ATCN
is called strict ATCN.

Definition 8: (Wang and Garg, 2021), In FS theory TN is a function R(q, b) is said to be ATN if it is continuous
and R(a,a) < aVa € [0, 1]. If each variable for ab € [0, 1] is strictly increasing then ATN is called the strict
ATN.

Definition 9: On R a continues function # from interval [0, 1] is defined as, if  is a strictly decreasing
function and £ (1) = 0, then H is said to be a strictly decreasing generator.

Definition 10: On R a continues function X from interval [0, 1] is defined as, if ¥ is always a strictly
increasing function and % (0) = 0, then X is said to be a strictly increasing generator.

Definition 11: (Klement and Mesiar 2005), An increasing generator ¢ for a strict ATCN is stated as

Q(a,b) = 4 H(y(a) + »(b)) with 4(r) =3(1 =) Y a,b,7 € [0,1] (3)
And similarly, a decreasing generator 3 for ATN is expressed as
R(a,b) =37 (3(a) +3(b)) V a,b € [0,1] 4)

Klement and Mesiar (2005), presented some TN and TCN for such following functions which are given below,

such as:

1. Consider 3(r) = —logr, then 4(@) =3(1—71)=—log(1—7),37 () =e ", 4(r)=1—e"" then
TCN can be expressed as Q%(a,b) = a + b — ab and TN %¢(a, b) = ab.

2-(1-1) - -
2. Consider3(r) = —log( ) then ¢(r) = —log (( . )) 37(r) = (er+1)'y‘ 1 = G r+1) then
£ _ (a+b) £ ab
Einstein's TCN can be expressed as Q°(a,b) = () and R°(q,b) = ra—oa)

3. Consider 3(r) = (M),H >0, then ¢(r) = (w) 371(r) = (

(1-r) ) - (T‘) =

) and TN R¥ (a,b) =

e"+0-1)

(a+b—ab—(1—6)ab)
(1-(1-6)ab)

0 > 0. If we take 8 = 1, then Hamacher TCN and TN can be transformed into algebraic

( - o ) then Hamacher TCN can be expressed as Q3 (a,b) = (
e"+6-1

ab
(6+(1-6)(a+b—ab))’
TCN and TN respectively. If we take 8 = 2, then Hamacher TCN and TN are reduced into the Einstein

TCN and TN respectively.

4, Consider 3(r) = log(

((9—1+e”)/e
log 6

) 9 > 0 then /y)(-r) (L), 3_1(1') = M’/y)_l(r) = 1 —_

oT-1 61-T—1 log @

), then Frank TCN and TN can be expressed as QF(a,b) =1 —logy (1+

gl-a_ gl—b_ (9&_1) gb_ .
%) R = logy ( %),9 >0.1f 6 — 0 then lim 3(r) = —logr.

w

. Operational laws

3.1Archimedean TCN and TN on TSFNs

In the FS theory, ATCN and ATN play a vital role in the aggregation of fuzzy data and in solving MADM
problems (Garg and Arora, 2021). In this segment, on the behalf of ATCN and ATN, we define some basic
operational rules for the TSF environment as follows:

Definition 12: Let three TSFNs such as R = (p, ¢, 7), Ry = (p1, 91, 71) and R, = (p3, ¢4, T;) and 3 > 0, now
on the bases of TSFNs we defined some new operations for ATCN and ATN as follows:

L R®R, = (VR(D?% (0D, VR @DD, VR GD)
- (J L)), (D7), J 130002 3(0D)?), J “1G(h)e, 3(r2)2)>

2. R8R, = ((VRGD% (D), R GDDVAC @)
=<ja-1(a(p S, [ @D 80D, [u %w;m)

3. R= (J%'l(ly(pt)z) V3 1 (3(eH)?2), \/3‘1(13(Tt)2))
4. R*= (V3 1G3(0)DVy 1 0u (@)D, V5 10y (1)?))
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e (Algebraic) (Nguyen, Walker, and Walker, 2018), When 3(r) = — logr then operational laws are defined
in the Definition 4. Are found.

o (Einstein) When 3(r) = log (22

), then the operational laws are defined as follows:

62 4 (pt)? t ot t t
1. R®R, = ((pl)t z(pzt) z)v <P1;P2 — <p1;p2 >
1-(p1)" (05) J1+(1_(¢g) )(1-(05)%) J1+(1-(T§) )(1-(5)%)
_ piot (D) +(#%) ) (@) +@5)°)
2. R1®R2 - t\27 t\2
[ (D7) (- (08)%) N @D @8 1= ()
27— (1—(pt)2)3 ty* %
3 R = \/(1+(pt)2>] 4% V2(o") ’ V2(r) >0
1+(eH2)+-(pH?) \/((2_(<Pt)2)1+((¢,t)2)1) \/((2—(15)2):‘+((Tt)2)1)
4 R = V2ot \/(1+(tpt)2):‘—(1—(tpt)2)3‘ J(1+(rf)2)a-(1_(rr)2)z
' - J((z_(pt)2)1+((pt)2)})' A+(@H2)+(1-(p1)2) ' | @+(rH)2)P+(1-(x1)2)

These are Einstein's operational laws on TSFs.

e (Hamacher) When 3(r) = log (M) 6 > 0,3 > 0, the following operational laws are defined as

1. R,®R, =
(09)*+(5)*=(p1)*(05)* ~1-0) (o)) (p})° olol )
1-(1-0)(p})"(p}) Jo+a-0)((0D)*+() - (0D (04)%) " [0 +1-0)(()P+(H) (D (5)°)
2. R,®R, =
plp} (@) +(05)"~(¢5)" (02)* —a- e>(<01) (@5 @) +() ~(5)* () ~a-0) (=)  (5)*
Jora-a (065D 68 1-(-6)(08)"(¢h)" ' 1-G-6)(e) ()’

3 JR= \[ (1+(6-1)(pH2)-(1-(pH2)} Va(et)’ Vo ()
ArO-DEODHA-0A-0DY [(149-1a-(pH2+E-DHD) [(1+E-DA-H2PE-DEH)

4 R Va(pt)’ \/ (1+(60-D(H2)-(1-(pH2? \/ +(6-DEH2P-(1-H?)}
' B J(1+(9—1)(1—(pt)2)1+(9—1)(pt)21)’ A+(6-1D(@H2P+(1-0)A-(9H2)P "\ 1+(0-1) (1)) +(1-6)(1-(z1)?)

These are the Hamacher operational laws on TSFs.
e (Frank) When 3(r) = ( ) 6 >0, and 3 > 0, then the following operational laws are defined as

follows:
1. R1®R2 =
N A A
1—logg| 1+ ) , |logg| 1+ ) , |logg| 1+ )
o) )
logg 1 + 91 ) 1 - 10g9 0-1 ’
2. R,®R, =

)

1 —logg
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3 2 :
<91—(p‘)2_1 <9(<ﬂt)2—1 e(ft)2—1>
3. AR=| |1-loge| 1+ |, [loge| 1+ | [loge | 1+~
3 p
o e )
4. R =| |logy Tt | [P loge | 1+ | [L—loge | 1+~

These are the Frank operational laws in TSFs

4. T-Spherical Fuzzy Archimedean Weighted Averaging AOs

This part, of the article, develops the ATSFWA, ATSFOWA, and ATSFHWA operators and discussed
their fundamental characteristics in detail.
Definition 13: LetR; (j = 1,2, ...,n) € R bethe setof TSFNs,and b’ = (b7, b3, ..., b) be considered as weight
vectors (WVs) with condltlons bl € [0,1] and XL, b; = 1. Then a mapping of an ATSFWA AOs is: R™ — R,
and it can be defined as

ATSFWA (Ry, R, ..., R,) =@®J-, (b{R;)
Some fundamental axioms of the ATSFWA AOs are dlscussed below as follows:
Theorem 1 Consider R; = (p, ¢,7), (G = 1,2, ...,n) be the family of ATSFNSs, and results after aggregation
ATSFWA AOQs is also TSFN and it can be defined as
ATSFWA(Ry, Ry, ..., Ry)

(Zw 35 ) (Zba (o)’ ) <Zb3 (et)’ ) (5)

Proof: Forn = 2,

bR, = (J $ (D)), |37 B(DD), | 57 (B2 )2)))

And

bR, = (J w5 (D), [ (a(@H2), | s-l(b'zs((rs)Z)))

\/y‘l (@ (47 (012((PHD)) + ¥ (y‘l(b’zy((pé)z)))),
17 G 0) +3 (1 (sa09)) ). J37 (5 (57 (saD2) +3 (5 (i)
J# 1 0 0D) + v (o)),
[ 00D + 5a(@HD), [ (1D + (@)

(Zw (0)’ ) (Zbl (o)’ ) (Zba ()’ )

Thus, the statement is true for n = 2. Now consider the statement is true for n = k.

ATSFWA(Ry, Ry, ..., Ry)
(Zw (of)’ ) —1(21)3 % ) -1(233 (1)’ )

Now taking n = k + 1, then we have
ATSFWA(Ry, Ry, ..., Ry, Ris1) = ATSFWA(Ry, Ry, oo, Ri) @ By Ricsn

Multi-attribute decision-making using Archimedean aggregation operator in T-spherical ...(M.R. Khan)



ISSN: 2683-5894

_ y-1<Zb;y((pit>z)>' 3‘1<be3((¢5>2))' 3_1@‘”3((192))

_1(b;c+13((¢li+1)2))' \/ 3_1(b;<+13((71i+1)2))>

( !

, <y - (ib;y(@;f)))w(y1(b;+ly<cp,zﬂ>z>))\,

: ((a(al(gb;ﬁ(@f)ﬁ)) ]
@)t

N——_
S—

{CACME))

SN~

k
(Z I) Yy ((,0 ) ) + b;<+1’y*((.01€+1)2)> )

k
- al<< bfs((<pf)2)+bk+13((<ﬂ£+1)2)> '
i=1

k
37t (Z b 3((Tt) ) + b;<+13((71€+1)2)>

j=1

Hence, the statement is true forn = k + 1.
e (Algebraic) If 3(r) = —logr, then ATSFWA operator can be reduced into the TSF weighted averaging

TSFWA operator, which can be defined as given below:

n n
TSFWA(Ry, R,, .. = [1— 1_[(1 pjt)bi '1_[(‘pit)bj 'ﬂ(rit)bi (6)
j=1 j=1

o (Einstein) If3(r) = —log((2 — r)/r), then ATSFEWA operator reduces in the TSFEWA operator, which
can be defined as given below
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I (1 69— (- )

e (1 69+ (1= )

V2T (o))" |

e (2= @)+ ((0°)”
VETI ()"

I (2= @) e (@)

e (Hamacher) If 3(r) = —log ((9 +(1- 9))/r),9 > 0, then the ATSFWA operator reduces into the

TSFHWA operator defined as
TSFHWA(Ry,R;, ..., R;)

!
bj
)

U]

TSFEWA(Ry,R,, ...,R,) =

\[Hj":l (1+6- 1)(p{)2)b{ ~ I, (1- (Pf)z)bj’

\[n;; (1+6- 1)(pf)2)bj, +(0 - DI, (1- (pf)z)bj’
\/§Hi"=1(¢’f)b‘(

) \/ r(1+@-n(i- (<p{)2))bj +@- DI (o))"

VATIL,(z)"

J n (1 +@O-1(1- (r{)z))b{ +(0 - DI, ((T{)Z)b{

®)

’

If we take @ is 1 and 2 in this equation (9), then the TSFHWA operator turns into the TSFWA and TSFEWA
operators, respectively.

e (Frank) If 3(r) = —log (((:T__ll))) ,0 > 1, then the ATSFFWA operator turns into the TSFFWA operator
defined as
2 by
log<1 +1I, (91—(Pf) - 1) )
1 - ]
log 6
(10)
., ((pp)z b;
TSFFWA(R,, Ry, ., R,) = log{ 1+ 11 (9 Yo 1)
log 6 ’
2 by
o112, (o -1)')
log 6

Theorem 2 (Boundedness). Let the family TSFNs R; = (pf, ¢f, 7{) where (; = 1,2, ...,n) and consider
Pmin = min(p{)mm vi=1,2,..,n
Pmax = max(pf) - Vi=1,2,..,n
@min = min(epf) = Vi=12..,n

Multi-attribute decision-making using Archimedean aggregation operator in T-spherical ...(M.R. Khan)
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Pmax = maX(QDI ) on
Tmin = mln(TIt)min VI =1, 2, e, n
Tmax = maX(Tjt)max vVi=1,2,..,n

LetR* = (plmm' (plmax lmux) and R = ('Ditmax' (pitrnin' Tjtrnin)
R* < ATSFWA(Ry,R,, .,R,) < R~ (8)
Let ATSFWA(Ry, Ry, ., Ry ) = R

n n n
! 2 - ! 2 - ! 2
Z bj’y’(.ojt) , |37t Z bjs((pit) , |37t Z bjﬁ(fjt)
j=1 i=1 i=1
Proof: Consider forany (i = 1,2,...,n) we have p{ < pf<pf

(phn) < (02 < (00’

Since ¢(r), (¢)€[0, 1] be the monotonically strictly increasing function of ¢ (r), so we have

(Z b7 (0f,1) ) <y (Z big(p)? ) <y (Z Wi (P ax) )

=t V' <y (Z b{y(p§)2> < (e ) (1)

Now for any (i=1,2,...,n), we have (cp§min)2 < (phH? < (cpitrm)2 since 3(r), [0,1] be the decreasing
function. Then we get

37 (Z biy(ef,,) >< 37 (Z biy (o)) >< 3‘1<Z b9 (0f,0) )
= (¢ YV <y (Z bigy () ) (¢! ) (12)

Any number (i =1,2,..,n), we have (t}
decreasing function of 3(r). Then we get

_1 (Z b y’( lmm ) = 3_1 (Zb %(Tt) ) < 3_1 (Zb y’( lmax )
— () < v (Z o) < (4, a2

From equations 10 — 12, We can observe that

(lem) = (0} — () < (z b{y(f)?)z) y' - (Z bi’@(cpr) y - <Z b{y(rW)

- (plmm) - ((plmax) - ( 1max)2
S(R*) < S(ATSFWA(Ry, Ry, ..,R,)) < S(R7)
Therefore RY < ATSFWA(R{,R;, ...,R,) <R~
Theorem 3 (Monotonicity) Consider R;(i = 1,2, ...,n) be the family of TSFNs, h;e[0,1] (G = 1,2, ...,n) be
their WV and fulfill the condition ;i 1[)1 =1,ifR be the TSFN, then
ATSFWARR, ® R,R, ® R, ...,R, ® R) = ATSFWA(Ry, R, ...,R,) ® R

) < (H? < (¢ ) and 3(r) € [0,1] be the strictly

Imin Imax

Proof:

R®R = (j@ (DD +5@9D), 57 (@D + 30D, [ (s + 3((rt)2))>
Let
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ATSFWA(R, ® R,R, DR, ...

Now

ATSFWA(Ry, R, ...,R,) ® R

%—1
i

j (Zw( y((pf)Z)w((pt)Z))))

,Rn@R) =

j - <Z ol (57 (3CCoDD) + 3((<pt)2))>>
i=1

M:

1l
_

i (4((0H?) + y((pt)Z)))

n

1 Zb (CHDERACDD)

i=1

j = Zb( (3@H2) +3(@)

j=1

i=1

] 5 (Z Ba((@D?) +3((@)?)
i=1

] - (Z B3((DD) + 3(()?)

1

1 Zb $((ODD +5((PH?) )

jgl (Z b3 (57 (3™ + s((rt)Z)))>
j=1

(gt §one) o)

@ (Pt’ ‘Pt’ Tt)

}

| Ffed

b; (a((@Dz) + 3(¢)?

=

1l
=

)
( ( 1(251 y((PD?) >+y(p )2>
)

( ( 1<ib 3((Tt)2) >+3(Tt)2>>
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D B eH) + 3 |,

=1

ol B DR CHRERCOD

i=1

D BGEDD + 392
i=1

Hence proved the theorem.
Theorem 4 (Idempotency) Consider if all R; = (p,@,7) (j =1,2,...,n) are equal and consider R; =R =
(P, e,V (G=12,..,n),then
ATSFWA(R{, R, ...,R,) =R
Proof:
ATSFWA(R{, R,, ..., R,)

= o[ D i (wed®) ). 572 { Dvi(seb) |, [57{ D vi (™)
j=1 j=1 i=1

Since R; = (p1, 3, 7)) = (@5 @5, ™)V (j = 1,2, ...,n) then we have
ATSFWA(Ry, Ry, .., Ry)

I
M:
M:

3! (y((pit)z))zla{ ;57| (3Ceh?) 71| (3(H2)

j=1

1l
-
1l
s

=(pPeD=
Hence the theorem.
Definition 14 Consider R; = (p, @, ) be any family of TSFNs. Then TSFOWA operator of dimension n is

mapping ATSFOWA: R™ — R* is defined as
n
ATSFOWA(p, @, 0) =@ (biRs(»)
Then ATSFWA is said to be the ATSFOWA operator, whereas WV b; = (b1, b5, ...,bn) and
ie1bi =1 and o said to be the permutation with the condition o(i—1) 2 0o()V (i =1,2,..,n). By
utilizing TSF operational laws on TSFNs, we demonstrate the following theorem.
Theorem 5 Consider R; = (p, @, ) be any family of TSFNs. Then the aggregation results of the TSFOWA

operator are also TSFNs given by
ATSFWA(R{, R, ..., Ry,)

e S B ey

Theorem 6 (Idempotency) Consider the family of TSFNs R; = (p, @, 1) is defined as R; = R and b; be the
WV. Then ATSFOWA(Ry,R;, ..., R,) = R

Theorem 7 ATSFWA (Boundedness) Consider the family of TSFNs R; = (p, @, ) is and b; be the WV.
Consider R~ = min(R;) and R* = max(R;). Then ATSFOWA R~ < (Ry,R,, ..., R,) = R*.

Theorem 8 (Monotonicity) Consider R; = (p,®, 1), (i = 1,2,...,n) and R = (p", ¢*, ) be any two sets of
TSFNs and b; be the WV. And if R; < Rf V j. ATSFOWA R; (p, @, 1) < ATSFOWA (p', @', ).

Definitions 13 and 14 make it clear that the ATSFWA and ATSFOWA operators aggregate TSFNs
by only weighting them and by ordering their weighting, respectively. As a result, weights demonstrate the
many aspects of both ATSFWA and ATSFOWA operators. This shortcoming is not covered by any of the
operators. To solve the problem, we define the ATSFHWA operator as follows.
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Definition 15 Consider R; = (p, ¢, T) be any set of TSFNs and b; be the WV. Then TSFHWA operator of
dimension n is mapping ATSFHWA: R™ — R* can be represented as

n
ATSFHWA(p, ¢, T) =0 BDRs
=

Where R, = cR; and c is any balancing coefficient and (B, 1y, Ry(2), -, Ro(ny) is the permutation
of j for weights TSFNs.

Almost all characteristics of the ATSFHWA operator are similar to ATSFWA that we discussed in
detail in Theorem 1, 2, 3, and 4. However, as stated in the following Theorem 8, the ATSFHWA tool is a
stronger model of the ATSFOWA operator.
Theorem 9 The ATSFHWA operator has special cases known as the ATSFWA and ATSFOWA operators.

Proof: Consider b} = (b, ,bl, ) bi,) by Definition 15, we have ATSFHWA (Ry, R, ..., R,) = (b1 @ Ry ®

D5 R0 @ - B DiaRoen) = = (01 @ Roqry @ DoRoz) @ - @ DiRoem) = (01R; @ B3R, @ . D BLR,) =
ATSFWA(R4, R,, ..., R,). Similarly, we can also explain that ATSFOWA is a unique case of ATSFHWA.

5. T-Spherical Fuzzy Archimedean Geometric Averaging AOs

In this part, we proposed ATSFWG, ATSFOWG, and ATSFHWG operators based on Archimedean
operational laws and discuss their fundamental characteristics.
Definition 16 Consider R;(1,2,...,n) be the family of TSFNs, and b; = (b, b3, ..., hy)¢ be the WV with
bie[0,1] and XL, b; = 1. Then ATCN and ATN are based on the TSF geometric (TSFWG) operator with
mapping R™ - R™.

ATSFWG(Ry, Ry, ..., n)_ (Rb‘)

Theorem 10 Consider R; = (p, @, 1), (G = 1,2, ...,n) be the set of ATSFNs, and then the aggregation outcomes
by using the ATSFWG AOs is also in the form of TSFN and it can be defined as:
ATSFWG(Ry, R,, ..., Ry,)

D oia() ). [+ Do (@), [ Lo () )|
i=1 =1 =1

Proof: The Proof of this theorem is the same as like Theorem 1.
Definition 17 Consider R; = (p, @, ) be any family of TSFNs. Then TSFOWG operator of dimension n is

mapping on ATSFOWG: R™ — R* is defined as
n
ATSFOWG(p,¢,7) = B (BiRy()
Then ATSFWG is said to be the ATSFOWG operator, whereas WV b; = (b3, b5, ...,bn) and
ie1bi =1 and o is said to be the permutation with the condition c(j—1) 2 o() vV G =1,2,..,n). By
utilizing TSF operational laws on TSFNs, we demonstrate the following theorem.
Theorem 5 Consider R; = (p, @, T) be any family of TSFNs. Then the aggregation results of the TSFOWG

operator are also TSFNs given by
ATSFWG (R, Ry, ..., Ry)

- Z b 3 (pa(l)) Z b ¥ ((pa(l)) Z b ¥ (Ta(l))

Theorem 11 (Idempotency) Consider R; = (p, ¢, T) be the family of TSFNs is defined as R; = R and b; be
the WV. Then ATSFOWG (R, R,, ...,R;) =R

Theorem 12 ATSFWG (Boundedness) Consider R; = (p, @, t) be the family of TSFNs and b; be the WV.
Consider R~ = min(R;) and R* = max(R;). Then ATSFOWG R~ < (Ry, Ry, ..., R,) = R*.

Theorem 13 (Monotonicity) Consider R; = (p,@,T), i = 1,2,...,n) and Rf = (p", ¢, ) be any two sets of
TSFNs and b; be the WV. And if R; < R} V i. ATSFOWG R; (p, 9, 7) < ATSFOWA (p%, ¢", 7).

Definition 18 Consider R; = (p, @, ) be any set of TSFNs and b; be the WV. Then TSFHWG operator of
dimension n is mapping ATSFHWG: R™ — R* can be written as

n ..
ATSFHWG (p, @,T) = I,@l(b{)Ra(j)

(16)
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Where R, = cR; and c is any balancing coefficient and (R, (1), Rs(2), -, Ro(ny) is the permutation j
with the weight of TSFNs.
Almost all characteristics of the ATSFHWG operator are similar to ATSFWG which we discussed in detail in
Theorem 1, 2, 3, and 4. However, as stated in the following Theorem 8, the ATSFHWG operator is a stronger
model of the ATSFOWG operator.
Theorem 14 The ATSFHWG operator has special cases known as the ATSFWG and ATSFOWG operators.

Proof: Consider b = (bi,bi, bi,) by Definition 15, we have ATSFHWG (R, R, ..,R;) =
1 2 n

(01 ®Ro())®D2Ro()® - ®DiRomy) = = (01 @R (1) @D R0 ® .. @ Ryny) =

(B1R1®H5R,® ...®bLR,) = ATSFWG (R4, R,, ..., R,). Similarly, we can also explain that ATSFOWG is a

unique case of ATSFHWG.

Remark The following changes can be observed in the weighted geometric operator as given below:

e (Algebraic) If 3(r) = —logr, then ATSFWG operator can be reduced into the TSF weighted averaging
TSFWG operator, which can be defined as given below:

n n n
TSFWG(R.,R,, ...,R,) = l_l(rjt)bi '1_[((pit)bi’ 1— 1_[(1 _ Tjt)bi a7
i=1 i=1 i=1

e (Einstein) If3(r) = — log((z - r)/r), then ATSFEWA operator reduces in the TSFEWA operator, which
can be defined as given below

V2 Hjn=1(.01t)bi,

\[ M, (2- (pf)z)bj’ +1TL, ((Pf)z)b{
\/fl_[i"ﬂ(q’f g

e = ) e e ()
\/Hinﬂ (1 + (Tit)z)bi — 1% (1 - (ij)z)bi
‘/Hin” (1+ (Tit)z)bi’ + 11 (1 - (ij)Z)bi’

e (Hamacher) If 3(r) = —log ((9 +(1- 9))/r),9 > 0, then the ATSFWA operator reduces into the

TSFHWA operator defined as
TSFHWG(Ry, Ry, ..., Ry)

TSFEWG(R.,R;, ..., R,) =

VB I(e0)"

\/ n(1+@-n(1- (p{)Z))bi + - DI ()"
\/51_1{21(‘0{)[){

J1;O+W—D0—wﬁb”ﬂwﬂﬂmAWWﬁ

\/]‘[;1:1 (1+ - 1)(Tf)2)bi, ~ I, (1 - (Tit)z)b;

21\ 2\
\/1'[;;1 (1+@-DE)")" +©@-DIL, (1- (7))
If we take 6 is 1 and 2 in this equation (19), then the TSFHWA operator turns into the TSFWA and TSFEWA
operators, respectively.

o (Frank) If 3(r) = — 1og(
defined as

(6-1)
(67-1)

),9 > 1, then the ATSFFWA operator turns into the TSFFWA operator
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2 by
log (1 + Hln=1 (Q(pf) - 1) >
log 6 '
. ((pF)Z b;
TSFFWG (Ry, Ry, ) Ry) = log{ 1+ 115 <9 YT 1)
log 6 '
2 b
o1+ 112, (07 1)' )
1 —
log 6

6. Propose algorithm for solving MADM problem

In this section, under the TSF environment, we solve the MADM problem by utilizing the proposed
ATSFWA and ATSFWG operators. For this, we are taking F = {fy, f, ..., .} be the family of alternatives,
G = {91, 92, ---» gn} be the family of attributes, and b; = {b7, b5, ..., bn} be the WV with condition b;e[0, 1],
and Y1, b = 1. Consider the TSF decision matrix can be represented as R = (rif)an' Then the proposed
ATSFWA and ATSFWG operators are applied to solve the MADM problem for the TSF system. The proposed
algorithm is explained by using the following steps:

Step 1. Firstly, aggregate the TSFNSs in the decision matrix R
and ATSFWG operators as follows:
ATSFWA(Ry, Ry, ..., Ry)

=( [ ib{y((pf IS Zb{a((w{ IS ibgg((ﬁ)z)

n
i=1

;j» for each alternative G, by utilizing the ATSFWA

And
ATSFWG (R, R;, ..., Ry)

=| |37 ib;a((pf)z) R ib{@((«){)z) R Zb{y((rf)z)

n
=1

Step 2. Calculation of the SV of the aggregated findings by using Definition 2.
Step 3. Evaluate the ranking of alternatives by utilizing Definition 3.
Step 4. End.

7. Numerical Example

In this section, by using the ATSFWA and ATSFWG operators solve the real-world problem. The
explanation of the challenging problem is given below:

The health of people has considerable attention in modern society. So, it is necessary that in case of surgery
doctors use neat and sterilized instruments. For successful surgery, no doubt the experience of a doctor is very
important, but surgical instruments play vital in surgery. Using surgical instruments, doctors can cut through
soft tissue, remove bone, dissect and isolate lesions, and eliminate or remove aberrant structures. So, multiple
surgical companies offer newly invented and the latest instruments manufactured from machines. So, it is a
challenging issue in a time, when many companies offer their best production quality and claim that the
functionality of their instruments is very precise and accurate during the surgery. We construct a numerical
example for the illustration of our proposed work.

Multi-attribute decision-making using Archimedean aggregation operator in T-spherical ...(M.R. Khan)
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Example 1

Suppose that, a list of four 7, = (1, 2, ..., 4) surgical instruments manufacturing companies. To choose
the best company, by the consideration of four attributes g~I = (1, 2,...,4) in our mind, as follows:

i. G, is the nature of the material (stainless steel magnetic or nonmagnetic).

ii. G, purity of the material.

iii. G5 is the accuracy in the functionality.

iv. G, is designed by computer numerical control (CNC) machines or by hand.

The WV distributed by the experts is given as (0.25,0.25,0.14,0.36)7. By using the proposed AOs, the

decision-maker evaluate the data of four surgical instruments manufacturing companies under the

consideration of four attributes §I =(1,2,..,4).

Step 1. Collection of fuzzy data by anonymous decision-makers.
Table 1. T-SF decision matrix

3 T T3 Ty Ts
G, (0.82,0.61,0.55) (0.91,0.35,0.82) (0.77,0.51,0.51) (0.80,0.71,0.33)
G, (0.71,0.14,0.32) (0.15,0.25,0.33) (0.43,0.49,0.31) (0.1,0.89,0.44)
G; (0.85,0.67,0.52) (0.16,0.46,0.41) (0.13,0.66) (0.15,0.45,0.61)
G, (0.43,0.31,0.46) (0.33,0.32,0.69) (0.18,0.79,0.77) (0.14,0.41,0.71)
Step 2. The aggregated values by utilizing the ATSFWA and ATSFWG operators are represented in Table

2.
Table 2. Shows Aggregation outcomes
ATSFWA ATSFWG

[ 0.6334, 0.1126,
( 0.0997,) < 0.5875,)

0.1121 0.5886

G, 0.5574, 0.0438,
( 0.0678, < 0.6263,)

0.0898 0.5158

G 0.5960, 0.0448,
( 0.0889, < 0.5635,)

0.0904 0.5746

[ 0.4881, 0.0485,
( 0.0733, < 0.5528,)

0.1006 0.6023

Step 3. The aggregation outcomes of the ATSFWA and ATSFWG operators is provided in Table 3.

Table 3. Shows the score value of aggregated data

ATSFWA ATSFWG
G, 0.1021 —0.1406
G, 0.0538 —0.1330
G; 00752 —0.1195
G. 0.0277 —0.1309

Step 4. The ordering of the score values can be seen in Table 4.
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GEOMETRICAL REPRESENTATION OF SCORE
VALUES

—&— \Weighted Averaging  —fll—Weighted Geometric

\/\

1 2 3 4
—— \Weighted Geometric -0.1406 -0.133 -0.1195 -0.1309
—&— Weighted Averaging 0.1021 0.0538 0.0752 0.0277

Figure 1. Shows the score function geometrically of Table 3

The blue dots in the graph represents the aggregated values of the ATSFWA operator while the red
dots show the aggregated results of the ATSFWG operators.

Step 5. The ranking ordering of the aggregated results by using the proposed AOs is given in Table 4.

Table 4. Ranking of score function

Ordering
ATSFWA > >T,>T,
ATSFWG B> >,>T1

It is observed in Table 4. by using the ATSFWA operator 7, is the best option from the list of options,
while using the ATSGWG operator 75 is the best option. It depends upon the experts whether they choose
ATSFWA or ATSFWG operator for the aggregation of the data.

8. Comparative Analysis

To express the usefulness and reliability of the constructed idea, we compare the aggregated outcomes
of our created AOs to the existing AOs and describe the superiority of ATSFWA and ATSFWG operators. For
this, we compare our proposed AOs with TSF Einstein hybrid (TSFEH) weighted averaging (TSFEHWA),
TSFEH weighted geometric (TSFEHWG) by Munir et al. (2020), TSF weighted averaging (TSFWA), TSF
weighted geometric (TSFWG) by (Ullah et al. 2020a), TSF Hamacher weighted averaging (TSFHWA), TSF
Hamacher weighted geometric (TSFHWG) by Ullah et al. (2020), and Dombi TSF Prioritized weighted
averaging (DTSFPWA), and Dombi TSF Prioritized weighted geometric (DTSFPWG) by Mahmood et al.
(2021). Many other prevailing AOs are unable to aggregate the TSF information due to limitations in their
structures for example the idea of Jiang et al. (2018) for IF weighted geometric (IFWG) and IF weighted
averaging (IFWA), PyFS weighted averaging (PyFSWA), PyFS weighted geometric (PyFSWG) by (Wei and
Lu 2018), and g-ROFS weighted averaging (g-ROFSWA\), g-ROFS weighted geometric (q-ROFSWG).

To demonstrate the significance of ATN and ATCN on TSFS theory. Discuss the following important
observations by changing the generating function. Also discussed their SF values and rank order in Table 5 as

given below: ) )
Table 5. Comparative analysis of proposed AOs

Methods Operators Score Values Ranking Results
Proposed g(( )/ ) S(c,) = 0.0538,

then ATSFWA turns into TSHWA

Operators S(c3) = 0.0752,

Multi-attribute decision-making using Archimedean aggregation operator in T-spherical ...(M.R. Khan)
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Methods Operators Score Values Ranking Results
S(c,) = 0.0277
If 3(r) = —log ((9 +(1- 9))/r) i((cl)) = _%1143%% T3>T4>T2>T
. c,) = —0. ,
then ATSFWG turns into TSHWG S(cy) = —0.1195,
S(c,) = —0.1309
Ullah et al. If 3(r) = —logr then ATSFWA S(c;) = 0.2543, T >T3>T7,>T,
(2020a) turns into TSWA S(c;) = 0.0056,
S(c3) = 0.0285,
S(cy) = 0.0009
If 3(r) = —logr then ATSFWA S(c;) =0.0773, T >T,>73>T,
turns into TSWA S(cy) = 0.004,
S(c3) = 0.0107,
S(c,) = 0.0461
Munir et al. If 3(r) = —log((2—7)/r) then S(c¢,) = 0.0636, T >T3>T>T,
(2020) ATSFEWA turns into TSFEWA S(c;) = 0.0002,
S(c3) = 0.0049,S
(cy) = 0.0007
If 3(r)=—log((2—7)/r) then S(c;) = 0.0030, 1,>T>7:>T,
ATSFEWA turns into TSFEWA S(c;) = 0.00000014,
S(c3) = 0.0002313,
S(c,) = 0.0036
Mahnaz et |f ;) = —log((e_l)) then S(c1) = 0.06588, T>T3>T>T,
al. (2022) o \(e7-1) S(c,) = 0.00027,
ATSFFWA turns into TSFFWA S(cs) = 0.005542,
S(c,) = 0.000801
- _ (6-1) S(c¢;) = 0.0033, T, >1>73>T,
If 30 log ((er-l)) then SCed = 0.00000L,
ATSFFWG turns into TSFFWG S(cs) = 0.00023,
S(c,) = 0.0037
Ullah et al. TSFHWA S(c;) = 0.1847, >, >T>T,
(2020) S(c,) = —0.0012,
S(c3) = —0.0022,
S(c,) = —0.0041
TSFHWG S(c;) = 0.01230, T >T3>T7,> T,
S(c;) = —0.0085,
S(c3) = 0.0003,
S(c,) = —0.0010
Mahmood et DTSFPWA S(c;) = —0.1600, S(cy) T >T3>7,> T,
al. (2021) = —0.5318,
S(c3) = —0.2066,S(c,)
= 0.7198
DTSFPWG S(c;) = —0.1801, T >T3>T,> 7,
S(c,) = —0.6715,
S(c3) = —0.2212,S
(cy) = 0.7804
Jiang et al. IFSWA Not applicable Unable to specify
(2018); IFS WG
Wei and Lu PyFS WA Not applicable Unable to specify
(2018) PyFS WA
Liu and g-ROFWA Not applicable Unable to specify
Wang g-ROFWG
(2018)
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A small briefing of aggregated findings of proposed AOs with other existing AOs in Table 5. is
represented gematrically in Figure 2. For more clarity, the outcomes of Table 5 are discussed in Figure 2. In
Table 5. we deeply analyze our aggregated findings with Munir et al. (2020), Ullah et al. (2020), Ullah et al.
(2020a) and Mahmood et al. (2021a) by applying the AOs described in these references in our proposed
example. Since the proposed work of Munir et al. (2020), Ullah et al. (2020), Ullah et al. (2020a) and Mahmood
et al. (2021), depends upon the Algebraic sum and product operational laws while our proposed AOs depend
upon the changeability of generator. Due to this fact, we believe that our proposed AQOs are more reliable than
other present AOs.

Geometrical representation of Table 5.

1.0000

0.8000

0.6000

0.4000

0.2000

0.0000 s S e =)

-0.2000 ch2)  scis)  scka) | epT—SelT—=st BTt

-0.4000 Weighted Averaging \Weighted?Geometric

-0.6000

-0.8000
=@==Proposed Operators  ==@==(Ullah et al., 2020a) (Munir et al., 2020)
=@==(Mahnaz et al., 2022) (Ullah et al., 2020) (Mahmood et al., 2021)

Figure 2. The above graph represents the geometrical view of the comparative analysis, whereas
the lines in the graph depicted the score value of the AOs. The aggregation findings given in row 1
are from Mahmood et al. (2021), the aggregation findings given in row 2 are from Ullah et al.
(2020a), the aggregation findings given in row 3 are from Ullah et al. (2020), while the aggregation
findings are given in row 4 are from Munir et al. (2020).

9. Advantages

ATN and ATCN are very valuable and feasible to evaluate the family of information into a singleton
set, because it is the general form of all AOs such as averaging/geometric, Einstein, Hamacher, and frank AOs
to compute with the help of algebraic, Einstein, Frank and Hamacher TN and TCN. With the help of different
values of function TN and TCN, we can easily obtain these all operators from our one proposed operator, called
Archimedean AOs. To enhance the quality and worth of the proposed idea, we describe some special cases of
the proposed operators by putting some different values of a function ATN and ATCN, such as:

e (Hamacher) If3(r) = —log ((9 +(1- 6))/r) ,0 > 0, then the ATSFWA and ATSFWG operators have

reduced to the TSFHWA and TSFHWG operators as defined by Ullah et al (Ullah, Mahmood, and Garg
2020).

e (Algebraic) If 3(r) = —logr, the ATSFWA and ATSFWG operator can be reduced to the TSFWA, and
the TSFWG operator is defined by Ullah et al. (Ullah et al. 2020).

e (Einstein) If 3(r) = —log((2 —7)/r), then ATSFEWA and ATSFEWG operator reduces in the
TSFEWA and TSFEWG operator is defined by Munir et al. (Munir et al. 2020).

e (Frank) If 3(r) = —log (((:r—_ll)))'g > 1, then the ATSFFWA and ATSFFWG operator turn into the

TSFFWA, and the TSFFWG operator is defined by Mahnaz et al. (Mahnaz et al. 2022).

10. Conclusion

For selecting the best preferences, decision-making is valuable and critical technique. The highly
notable key points of the analysis are discussed below:

Firstly, discussed the Archimedean operational laws for TSFS and justify them with the help of a
numerical example. Diagnosed the theory of ATSFWA, ATSFWG, ATSFOWA, ATSFOWG, ATSFHWA,
and ATSFHWG. Some axioms (“Boundedness, Monotonicity, and Idempotency”) and the findings of the

Multi-attribute decision-making using Archimedean aggregation operator in T-spherical ...(M.R. Khan)
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aggregated approaches were discussed. To demonstrate the MADM approach on the bases of given TSF
information and also discussed the comparative study with other existing prevailing AOs. In this article,
geometrical despeciation of proposed information has also discussed the purpose of better understanding.
The following are upcoming aspects of the work:

We aim to apply the proposed technique in complex TSFs power AOs (Khan et al., 2022a), and interval-
valued TSF frank AOs (Hussain et al., 2022).

References

A, Zhenghai, Zeshui Xu, Ronald R. Yager & Jianmei Ye. (2020). Q-Rung Orthopair Fuzzy Integrals in the
Frame of Continuous Archimedean t-Norms and t-Conorms and Their Application. IEEE Transactions on
Fuzzy Systems, 29 (5), 996-1007.

Atanassov, Krassimir T. (1989). More on Intuitionistic Fuzzy Sets. Fuzzy Sets and Systems, 33 (1), 37-45.

Bejines, C., and M. Navara. (2022). The Fibonacci Sequence in the Description of Maximal Discrete
Archimedean T-Norms. Fuzzy Sets and Systems.

Buytukdzkan, Gilgin, and Fethullah Gocer. (2019). Smart Medical Device Selection Based on Intuitionistic
Fuzzy Choquet Integral. Soft Computing 23 (20), 10085-103.

Colella, Ylenia, Antonio Saverio Valente, Lucia Rossano, Teresa Angela Trunfio, Antonella Fiorillo, &
Giovanni Improta. (2022). A Fuzzy Inference System for the Assessment of Indoor Air Quality in an Operating
Room to Prevent Surgical Site Infection. International Journal of Environmental Research and Public Health,
19 (6), 3533.

Cuong, Bui Cong. (2015). Picture Fuzzy Sets. Journal of Computer Science and Cybernetics, 30 (4), 409-20.
https://doi.org/10.15625/1813-9663/30/4/5032.

Faroog, Muhammad Umer, & Muhammad Saglain. (2021). The Selection of LASER as Surgical Instrument in
Medical Using Neutrosophic Soft Set with Generalized Fuzzy TOPSIS, WSM and WPM along with MATLAB
Coding. Neutrosophic Sets and Systems, 40 (1), 3-10.

Garg, Harish. (2019). Intuitionistic Fuzzy Hamacher Aggregation Operators with Entropy Weight and Their
Applications to Multi-Criteria Decision-Making Problems. Iranian Journal of Science and Technology,
Transactions of Electrical Engineering, 43 (3), 597-613.

Garg, H., & Rishu A. (2021). Generalized Maclaurin Symmetric Mean Aggregation Operators Based on
Archimedean T-Norm of the Intuitionistic Fuzzy Soft Set Information. Artificial Intelligence Review, 54 (4),
3173-3213.

Hussain, A., Kifayat U., Haolun W., & Mehwish B. (2022). Assessment of the Business Proposals Using Frank
Aggregation Operators Based on Interval-Valued T-Spherical Fuzzy Information. Journal of Function Spaces
20, 1-22.

Jamshidi, A., Samira, A. R., Daoud, A.-K., & Angel, R. (2015). A Comprehensive Fuzzy Risk-Based
Maintenance Framework for Prioritization of Medical Devices. Applied Soft Computing, 32, 322-34.

Jana, C., Tapan, S., & Madhumangal, P. (2019). Pythagorean Fuzzy Dombi Aggregation Operators and Its
Applications in Multiple Attribute Decision-Making. International Journal of Intelligent Systems, 34 (9), 2019-
38.

Jiang, W., Boya, W., Xiang, L., Xiaoyang, L., & Hanging, Z. (2018). Intuitionistic Fuzzy Power Aggregation
Operator Based on Entropy and Its Application in Decision Making. International Journal of Intelligent
Systems, 33 (1), 49-67.

Kaur, G., & Garg, H. (2018). Multi-attribute decision-making based on Bonferroni mean operators under cubic
intuitionistic fuzzy set environment. Entropy, 20(1), 65-94.

Khan, M., Rizwan, H., Wang, K., Ullah, & Hanen, K. (2022). Construction Material Selection by Using Multi-
Attribute Decision Making Based on g-Rung Orthopair Fuzzy Aczel-Alsina Aggregation Operators. Applied
Sciences, 12 (17), 85-107. https://doi.org/10.3390/app12178537.

Reports in Mechanical Engineering, Vol. 4, No. 1, 2023: 18 — 38



Reports in Mechanical Engineering ISSN: 2683-5894 a 37

Khan, R., Kifayat, U., Pamucar, D., & Mehwish, B. (2022a). Performance Measure Using a Multi-Attribute
Decision Making Approach Based on Complex T-Spherical Fuzzy Power Aggregation Operators. Journal of
Computational and Cognitive Engineering, February. https://doi.org/10.47852/bonviewJCCE696205514.

Klement, E. P., & Mesiar, M. (2005). Logical, Algebraic, Analytic and Probabilistic Aspects of Triangular
Norms. Elsevier.

Klir, G., & Yuan, B. (1995). Fuzzy Sets and Fuzzy Logic. Vol. 4. Prentice hall New Jersey.

Lei, Q., Zeshui, X., Humberto, B., & Javier, F. (2016). Intuitionistic Fuzzy Integrals Based on Archimedean
T-Conorms and t-Norms. Information Sciences, 327, 57-70.

Liu, P., Khan, Q., Mahmood, T., & Hassan, N. (2019). T-spherical fuzzy power Muirhead mean operator based
on novel operational laws and their application in multi-attribute group decision making. leee Access, 7,
22613-22632.

Liu, P., and Wang, P. (2018). Some Q-Rung Orthopair Fuzzy Aggregation Operators and Their Applications
to Multiple-Attribute Decision Making. International Journal of Intelligent Systems, 33 (2), 259-80.
https://doi.org/10.1002/int.21927.

Mahmood, T., Kifayat, U., Qaisar, K., & Naeem, J. (2019). An Approach toward Decision-Making and Medical
Diagnosis Problems Using the Concept of Spherical Fuzzy Sets. Neural Computing and Applications, 31 (11),
7041-53.

Mahmood, T., Muhammad, S., Warraich, Z. A., & Pamucar, D. (2021a). Generalized MULTIMOORA Method
and Dombi Prioritized Weighted Aggregation Operators Based on T-Spherical Fuzzy Sets and Their
Applications. International Journal of Intelligent Systems, 36 (9), 4659-92.

Mahnaz, S., Jawad, A., Abbas, M., & Zia, B. (2022). T-Spherical Fuzzy Frank Aggregation Operators and
Their Application to Decision Making With Unknown Weight Information. IEEE Access, 10, 7408-38.
https://doi.org/10.1109/ACCESS.2021.3129807.

Manivel, P., & Rajesh, R. (2019). An Efficient Supplier Selection Model for Hospital Pharmacy through Fuzzy
AHP and Fuzzy TOPSIS. International Journal of Services and Operations Management, 33 (4), 468-93.

Menger, K. (1942). Statistical Metrics. Proceedings of the National Academy of Sciences of the United States
of America, 28 (12), 15-35.

Miller, D., Carl A., Nelson, D., & David D. J. (2008). Pre-Operative Ordering of Minimally Invasive Surgical
Tools: A Fuzzy Inference System Approach. Artificial Intelligence in Medicine,43 (1), 35-45.

Munir, M., Humaira, K., Kifayat, U., Tahir, M., & Yu-Ming, C. (20200). T-Spherical Fuzzy Einstein Hybrid
Aggregation Operators and Their Applications in Multi-Attribute Decision Making Problems. Symmetry, 12
(3), 365. https://doi.org/10.3390/sym12030365.

Nguyen, H.T., Vladik K., & Piotr, W. (1998). Strict Archimedean T-Norms and t-Conorms as Universal
Approximators. International Journal of Approximate Reasoning, 18 (3—4), 239-49.

Nguyen, H. T., Walker, C., & Walker, E.A. (2018). A First Course in Fuzzy Logic. Chapman and Hall/CRC.

Pamucar, D., Torkayesh, A.E., & Biswas, S. (2022). Supplier Selection in Healthcare Supply Chain
Management during the COVID-19 Pandemic: A Novel Fuzzy Rough Decision-Making Approach. Annals of
Operations Research, 1-43.

Rahman, N., & Lee, M.C. (2013). Reaction Force Separation Method of Surgical Tool from Unknown
Dynamics and Disturbances by Fuzzy Logic and Perturbation Observer of SMCSPO Algorithm. In The SICE
Annual Conference, 13, 2536-2541. IEEE.

Salimian, S., Seyed, M.M., & Antucheviciene, J. (2022). An Interval-Valued Intuitionistic Fuzzy Model Based
on Extended VIKOR and MARCOS for Sustainable Supplier Selection in Organ Transplantation Networks for
Healthcare Devices. Sustainability, 14 (7), 3795. https://doi.org/10.3390/su14073795.

Ullah, K. (2021). Picture Fuzzy Maclaurin Symmetric Mean Operators and Their Applications in Solving
Multiattribute Decision-Making Problems. Mathematical Problems in Engineering, 2021, 2-19.

Multi-attribute decision-making using Archimedean aggregation operator in T-spherical ...(M.R. Khan)



38 a ISSN: 2683-5894

Ullah, K., Tahir, M., & Harish, G. (2020). Evaluation of the Performance of Search and Rescue Robots Using
T-Spherical Fuzzy Hamacher Aggregation Operators. International Journal of Fuzzy Systems, 22 (2), 570-82.

Ullah, K., Tahir, M., Naeem, J., & Zeeshan, A. (2020a). Policy Decision Making Based on Some Averaging
Aggregation Operators of T-Spherical Fuzzy Sets; a Multi-Attribute Decision Making Approach. Annals of
Optimization Theory and Practice, 3 (3), 69-92. https://doi.org/10.22121/aotp.2020.241244.1035.

Wang, L., & Garg, H. (2021). Algorithm for Multiple Attribute Decision-Making with Interactive Archimedean
Norm Operations Under Pythagorean Fuzzy Uncertainty. International Journal of Computational Intelligence
Systems, 14 (1), 503-27.

Wei, G. (2010). Some Arithmetic Aggregation Operators with Intuitionistic Trapezoidal Fuzzy Numbers and
Their Application to Group Decision Making. Journal of Computing, 5 (3), 345-51.

Wei, G., & Lu, M. (2018). Pythagorean Fuzzy Power Aggregation Operators in Multiple Attribute Decision
Making. International Journal of Intelligent Systems, 33 (1), 169-86.

Yager, R. (2013). Pythagorean Fuzzy Subsets. 2013 Joint IFSA World Congress and NAFIPS Annual Meeting
(IFSA/NAFIPS). https://doi.org/10.1109/IFSA-NAFIPS.2013.6608375.

Yager, R. (2016). Generalized Orthopair Fuzzy Sets. IEEE Transactions on Fuzzy Systems, 25 (5), 1222-30.

Ye, Jun. (2017). Intuitionistic Fuzzy Hybrid Arithmetic and Geometric Aggregation Operators for the
Decision-Making of Mechanical Design Schemes. Applied Intelligence, 47 (3), 743-51.

Zadeh, L. A. (1965). Fuzzy Sets. Information and Control, 8 (3), 338-53. https://doi.org/10.1016/S0019-
9958(65)90241-X.

Reports in Mechanical Engineering, Vol. 4, No. 1, 2023: 18 — 38



