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In many structural engineering applications, perforated thin plates are commomly 

required, such as for cable and pipe passages or inspection windows, among other. 

It is well known that thin plates subjected to compressive loads may experience a 

structural instability called buckling, characterized by sudden out-of-plane 

displacements. To investigate this phenomenon and determine the optimal 

geometry of a thin steel plate featuring a centered elliptical opening, the 

Constructal Design (CD) method was applied in combination with the Exhaustive 

Search (ES) approach and the Finite Element Method (FEM). The CD method 

facilitates assessing geometric configurations to achieve the most effective 

distribution of imperfections, thereby maximizing the performance indicator 

relevant to this solid mechanics analysis. From the results of around 700 cases 

numerically simulated, it was observed that incorporating perforations impacts 

the mechanical strength of the plate by up to 62.5% when compared to an 

unperforated plate of identical dimensions (considered as a reference plate). In 

addition, plates without cutouts (reference plate), with different aspect ratios, the 

same thickness, the same amount of material, and the same normalized ultimate 

stress, can exhibit deflections with a difference of up to 229.4%. 
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1. Introduction 

Engineering structures are constantly evolving to provide better performances, maximizing variables like rigidity, 

strength, and stability, and minimizing costs and weight, among others. One of the most used components of structural 

engineering is the thin plate, with a wide application in civil, naval, aerospace, and automotive engineering. Thin 

plates are characterized by having in-plane dimensions much bigger than its thickness, t (Jones, 2006). In many 

practical applications, perforations in the plate are necessary (for purposes such as inspection, assembly, 

accommodating pipes, or reducing weight), which alters its mechanical behavior due to stress redistribution around 

the hole (Shojaee et al., 2019). Tipically, these structures are subjected to compressive loads, which can cause the 

instability phenomenon known as buckling. According to Chajes (1974) and Åesson (2014), a thin plate does not 

collapse immediately after elastic buckling occurs, but it can sustain loads significantly higher than the critical load 

without experiencing excessive deformation. When it occurs, the load that defines the collapse of a plate, considering 

the elasto-plastic behavior, is called the ultimate or post-critical load and Pu represents it.  
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Since elasto-plastic buckling analysis of perforated plates is a complex task, the use of experimental or 

computational techniques is required. One of the most useful tools for this type of investigation is computational 

modeling via Finite Element Method (FEM), which can solve these problems with good accuracy and in various 

situations in a relatively short time compared to experimental methods. In addition, analytical solutions are mainly 

applied for very simple problems while experimental approach has the highest costs when compared to FEM. 

According to Liang and Yin (2023) the nonlinear finite element simulation is a standard technique for structural 

stability analysis, especially for large and complex structures. The significance and current relevance of this topic are 

underscored by numerous recent publications, including works by Qablan et al. (2022), Ghorbanhosseini et al. (2021) 

, Guo and Yao (2021), Musmar (2021), Gore and Lokavarapu (2022), Uslu et al. (2022), Zhang et al. (2022), Ipek et 

al. (2023), Saad-Eldeen and Garbatov (2023), Shahani and Kiarasi (2023), Cao et al. (2024), Figueiredo et al. (2024), 

Mishurenko and Semenov (2024), Mitsui et al. (2024) and Wang et al. (2024). In this context, the present work seeks 

to optimize the geometries of centered elliptical perforations that provide the best mechanical behavior of simply-

supported thin perforated steel plates when subjected to biaxial elasto-plastic buckling. For that, the FEM was used 

associated with the Constructal Design method (CD) and Exhaustive Search technique (ES).  The CD is the method 

used to predict the evolutionary design and rhythm in any finite-size flow system, including nature, social, and 

engineering applications. It is used to demonstrate how the Constructal Law of design and evolution guides the design 

and its evolution over time (Rocha et al., 2018). 

The method uses constraints and degrees of freedom to define the search space for a geometric investigation, i.e., 

to define possible different geometric configurations for an engineering system, and performance indicators to identify 

how the design easily the internal currents (dos Santos et al., 2017). Therefore, all proposed geometries are analyzed 

regarding their performance through the comparison among the results numerically obtained by FEM, characterizing 

an optimization by ES technique. It is important to inform that the effectiveness of FEM, CD, and ES association to 

solve structural engineering problems was already proved by da Silveira et al. (2022). Given the above, the main 

original contribution of this work is the application of the CD method together with the ES technique and the FEM to 

understand the effects of the semi-axes ratio of the elliptical hole and the inclination angle of the cutout on the 

mechanical behavior of thin perforated steel plates with distinct aspect ratios and subjected to biaxial elasto-plastic 

buckling. To this end, a computational model was properly developed, verified, and validated to solve the complex 

phenomenon on biaxial elasto-plastic buckling of plates (with or without perforations), which is also a relevant 

scientific contribution to the state of the art. It is relevant to note that the adoption of the ES technique together with 

the CD method is a widely used approach because, in this way, it is possible not only to determine the optimal 

geometry, but also to evaluate and understand how the degrees of freedom influence the performance indicators. 

Several other potential optimization techniques allow obtaining the optimal geometry; however, this definition is 

reached without clearly understanding about the effect of the degrees of freedom variation on the performance 

indicators.  

In addition, the ES technique was specifically chosen for this study due to its comprehensive nature, ensuring that 

“all” possible geometric configurations be explored to guarantee an optimal solution. While other optimization 

techniques, such as Genetic Algorithms or Particle Swarm Optimization, may offer faster results for large-scale 

problems, they can sometimes miss global optima or become overly dependent on initial conditions or parameter 

settings. In contrast, ES provides a complete evaluation of the solution space, which was crucial for our objective of 

obtaining precise and reliable results in the context of structural optimization. In summary, the following advantages 

of the ES technique can be highlighted: i) it ensures that the absolute best solution is identified by evaluating every 

possible configuration, unlike heuristic methods (e.g., Genetic Algorithms, Simulated Annealing), which may only 

find a near-optimal solution; ii) it is straightforward and easy to understand, making it accessible for researchers and 

practitioners without the need for deep knowledge of complex algorithms or parameter tuning; iii) it produces 

consistent results, as it does not rely on randomness or probabilistic processes, which can lead to varying outcomes in 

stochastic optimization techniques; iv) it does not require specific assumptions about the problem structure or solution 

landscape, making it applicable to a wide range of optimization problems without extensive customization; and v) it 

can be highly efficient for problems with a limited number of variables or configurations, providing a comprehensive 

analysis without the risk of missing critical solutions. However, if the goal is only to define the optimized geometry, 

without interest in understanding how this geometry was obtained, there is no need to use the ES (other optimization 

method can be employed). Therefore, the association of the CD with ES brings as main benefit the possibility of 

understand how the evolution of the geometric configuration, performed by the degrees of freedom variation, affect 

the performance indicators in such a way to obtain the best and the worst geometries. 
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2. Buckling and Post-Buckling Behavior of Plates 

When subjected to compressive loads, slender mechanical structures can fail due to the buckling occurrence and, 

therefore, must be designed to avoid the failure caused by this undesirable instability phenomenon (Åesson, 2014; 

Chajes, 1974; Jones, 2006; Szilard, 2004). Although most structures, such as columns, have their failure determined 

by elastic buckling, for flat plates, a post-buckling behavior occurs for loads over the critical load of elastic buckling 

because it is a peculiar behavior of thin plates (Szilard, 2004; Trahair et al., 2017). Recent studies have explored 

various aspects of the buckling phenomenon in plates. Notable examples include Saad-Eldeen et al. (2018) who 

conducted experimental analyses on perforated plates with and without stiffeners under uniaxial buckling conditions, 

and Dong et al. (2018), who investigated local buckling in thin plates on tensionless elastic foundations subjected to 

combined uniaxial compression and shear. Additionally, Milazzo et al. (2018) developed a single-domain model for 

the buckling and post-buckling behavior of cracked multilayered composite plates. Malikan and Nguyen (2018) and 

Farajpour et al. (2018) examined biaxial buckling in composite plates, while Kaveh et al. (2018), Moita et al. (2018), 

Ehsani and Dalir (2019) and Kaveh et al. (2019) focused on optimizing the geometry of composite plates. da Silva et 

al. (2019) analyzed hexagonally perforated thin steel plates under uniaxial elasto-plastic buckling, while Zureick 

(2018) and Hu et al. (2020) researched uniaxial buckling in thin steel plates. Lima et al. (2020) conducted a geometric 

analysis of thin steel plates with stiffeners under uniaxial elasto-plastic buckling. Yuan et al. (2021) introduced 

similarity criteria for predicting the entire buckling process of stiffened plates under compressive loads. Furthermore, 

Falkowicz and Debski (2021) studied uniaxial buckling in composite plates, Hou et al. (2021) modeled the high-order 

buckling behavior of steel plate shear walls, and Zhang and Sun (2023) investigated the mechanical responses, 

including buckling, of a three-dimensional Maltese cross metamaterial. Additional studies by Liang and Yin (2023) 

on nonlinear buckling in optimized wing structures, Jin et al. (2024) on the stability of composite plates bonded with 

graphene-reinforced actuators, and Park and Yi (2024) on a finite element analysis-based methodology for thin-plate 

buckling in crude oil tankers further contribute to the field. The wide range of applications of thin plates requires 

different engineering solutions. An example of this is the insertion of perforations to attend to many specific plate 

uses, like passage of pipes and cables, weight reduction, maintenance access, and assembling (Cheng & Zhao, 2010). 

Regarding the perforation’s position, Mohammadzadeh et al. (2018) say that the critical load for uniaxial buckling is 

greater when the hole is positioned at the center of the plate compared to other locations. Additionally, in post-buckling 

analyses of rectangular plates under biaxial compressive loads with a centrally placed cutout, the buckling resistance 

is found to be less than half of that under uniaxial loading. As noted by El-Sawy and Martini (2010), this reduction is 

attributed to the redistribution of membrane stresses caused by the hole, which alters the buckling behavior of the 

plate. It is worth mentioning that the complexity of the analysis and design of such structural components is high, 

especially when the perforation has an unusual shape and/or position, and it is even more complex if the problem 

conducts to an elasto-plastic buckling analysis. Nonetheless, computational modeling using the Finite Element Method 

(FEM) provides an accurate and effective approach to addressing these challenges (El-Sawy & Martini, 2010; Szilard, 

2004). For example, Shanmugam and Narayanan (1998) Shanmugam et al. applied FEM to derive design equations 

for calculating the ultimate buckling load of square plates under axial and biaxial compression with centrally placed 

square and circular holes. Their findings revealed that the ultimate load capacity of square perforated plates is notably 

influenced by both the size of the hole and the plate's slenderness ratio. Furthermore, it was observed that plates with 

circular perforations generally exhibit a higher ultimate load-bearing capacity compared to those with square 

perforations.  Due to the complexity of this subject and aiming to enhance accessibility and understanding for a broader 

audience, including students and non-specialists, a Glossary can be found in the final of the article. 

3. Computational Model 

The present investigation applied the FEM through the commercial software ANSYS® Mechanical APDL. The 

finite element adopted for the performed thin plate analysis was the SHELL281, which has eight nodes with six 

degrees of freedom at each node: three rotations around x, y, and z-axes and three translations in x, y, and z-axes 

(Ansys®, 2024). The selection of this engineering simulation software was due to the accurate results it produced in 

analyzing the behavior of thin plates under buckling conditions (Baumgardt et al., 2023; da Silveira et al., 2022; 

Fragassa et al., 2020; Lima et al., 2020; Pavlovic et al., 2017; Silveira et al., 2021), as well as in other structural 

engineering problems (Bhadra et al., 2023; Gonenli & Das, 2022; Kucharski et al., 2022; Milošević et al., 2017; 

Pavlovic & Fragassa, 2020; Safaei et al., 2023; Skripnyak et al., 2021). In the present work, two computational 

domains were used: a reference plate (with no hole) and a perforated plate, both simply-supported and submitted to 

biaxial compressive loading, as represented in Figure 1. 
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Figure 1. Computational Domain of the Simply-Supported and Biaxially Compressed: (a) Reference Plate and (b) 
Perforated Plate. 

In the numerical simulation of the post-buckling behavior of plates, the analysis assumed an elastic-perfectly 

plastic material response. As noted by El-Sawy et al. (2004) elasto-plastic buckling analysis requires the inclusion of 

an initial imperfection in the plate, which can be obtained from the first elastic buckling mode, characterized by a 

maximum displacement w0, where b is the width of the plate (see Figure 1): 

𝑤0 =
𝑏

2000
                                                                                   (1) 

The ultimate load of the reference and the perforated plates might be obtained by using as reference the yield load, 

defined as (Lima et al., 2020): 

𝑃𝑦 = 𝜎𝑦𝑡                                                                                (2) 

where σy is the yield stress of material; and being Py incremented gradually over the plate edges in x and y-direction. 

With each load increment, the Newton-Raphson method is employed to calculate the corresponding displacements 

that bring the plate to its equilibrium configuration. At the outset of loading step i + 1, there is an out-of-balance load 

vector {𝜓}, equivalent to the load increment {𝛥𝑁̄}, between the vector of external loads, {𝑁̄}𝑖+1, and the vector of 

nonlinear internal forces {𝐹𝑁𝐿}, which equals the preceding external load vector {𝑁̄}𝑖 , as follows (Lima et al., 2020): 

{𝜓} = {𝛥𝑁̄} = {𝑁̄}𝑖+1 − {𝐹𝑁𝐿} = {𝑁̄}𝑖+1 − {𝑁̄}𝑖                                                                  (3) 

Subsequently, the Newton-Raphson method is applied iteratively to minimize the out-of-balance load vector{𝜓} 

below a specific tolerance, by using the following equations: 

{𝜓}𝑟+1 = {𝑁̄}𝑖+1 − {𝐹𝑁𝐿}𝑟                                                                        (4) 

{𝜓}𝑟+1 = [𝐾𝑡]𝑟{𝛥𝑈}𝑟+1                                                                     (5) 

{𝑈}𝑟+1 = {𝑈}𝑟 + {𝛥𝑈}𝑟+1                                                                      (6) 

where {𝜓}𝑟+1 represents the updated out-of-balance load vector, {𝐹𝑁𝐿}𝑟 is the nonlinear internal forces vector at 

iteration r, [𝐾𝑡]𝑟 is the tangent stiffness matrix calculated as a function of the displacement vector {𝑈}𝑟 , and {𝑈}𝑟+1 

stands for the updated displacement increment vector. Before performing numerical simulations to obtain the results 

of the present work, verifications and validation steps were conducted to ensure the accuracy of the proposed 

computational model. Among all realized analyses, six of them can be highlighted. Firstly, two verifications were 

carried out to certify the accuracy of computational model for biaxial elastic buckling analysis, which is an important 

step to the elasto-plastic buckling simulation, once the initial imperfection of plate depends of it’s elastic bucking 

deformation. The first verification for elastic buckling was performed based on Piscopo (2010). For that, a simply-

supported steel plate, without perforation, with a/b = 1, t/b = 0.01, Young’s Modulus E = 206 GPa, and Poisson’s ratio 
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ν = 0.3, was analyzed by analytical and numerical approaches (see Figure 1a). From Piscopo (2010), the analytical 

solution obtained a critical load of 𝑁̄𝑐𝑟= 372 N/mm while the computational solution indicates 𝑁̄𝑐𝑟= 373 N/mm. 

Numerically simulating this case, the obtained critical load is 𝑁̄𝑐𝑟= 368.89 N/mm, representing a difference of 1.1%. 

Additionaly, based on Jayashankarbabu and Karisiddappa (2014), a perforated steel plate was analyzed through the 

FEM. For E = 210924 MPa, ν = 0.3, b = 1000 mm, and t = 10 mm, the critical load obtained is 𝑁̄𝑐𝑟 = 314.55 N/mm 

for a square perforation of a0 = b0 = 250 mm, and 𝑁̄𝑐𝑟= 295.48 N/mm for a0 = b0 = 500 mm (see Figure 1b, only 

replacing the elliptical hole by a square one with  = 0°). For these same cases, with the proposed computational 

model it was reached 𝑁̄𝑐𝑟= 314.39 N/mm for perforation of 250 mm and 𝑁̄𝑐𝑟= 297.49 N/mm for 500 mm. The 

comparison represents differences of 0.1% and 0.7% for holes with 250 mm and 500 mm, respectively. In turn, the 

first verification for elasto-plastic buckling was performed based on Shanmugam and Narayanan (1998) Shanmugam 

and Narayanan in which the elasto-plastic buckling was analytically studied for a rectangular steel plate without a 

hole. With yield stress σy = 245 MPa, Young’s modulus E = 205 GPa, and Poisson’s ratio ν = 0.30, a simply-supported, 

rectangular, steel plate was evaluated with a = 720 mm, b = 240 mm, and t = 4 mm (see Figure 1a). The analytical 

solution resulted in an ultimate stress of σu = 56.35 MPa while the proposed computational model obtained σu = 56.60 

MPa, with 5.1% of difference between them. Another verification of the computational model was made based on 

Shanmugam et al. (1999). To do so, a plate with a = b = 125 mm, t = 6.25 mm, circular cutout with a0 = b0 = 25 mm, 

boundary conditions as simply-supported, and equal biaxial compressive loads on x and y-directions were considered 

(see Figure 1b). For the evaluation, the material used in the investigation was AH-36 steel with σy = 355 MPa, E = 

210 GPa, and ν = 0.30. The ultimate stress obtained by the proposed equation of Shanmugam et al. (1999) resulted in 

σu = 257.13 MPa, while σu = 276.42 MPa was numerically obtained in the present work. This value represents a 

difference of 6.98% between numerical and analytical solutions, being acceptable according to Shanmugam et al. 

(1999). Moreover, two validations were carried out: the first for a plate without cutout and the second abh 5.77%. The 

second validation was carried out based on Narayanan and Chow (1984) to confirm the computational model accuracy. 

For that, it was considered a simply-supported square plate with a = b = 125 mm and t = 1.625 and with a centered 

circular hole of a0 = b0 = 25 mm, under biaxial compressive loading (see Figure 1b). The steel plate analyzed has σy = 

323.3 MPa, E = 205 GPa, and ν = 0.30. The experimental result presented by Narayanan and Chow (1984) is σu = 73.8 

MPa, while the solution obtained by the computational model is σu = 77.59 MPa, representing an error of 5.13%. 

Based on relative percentage discrepancies obtained through the verification and validation processes, it is possible to 

infer that the computational model attends the analysis of the biaxial elasto-plastic buckling of thin steel plates (with 

or without perforations) with good accuracy. After the verification and validation of the computational model, the 

numerical simulations of the present work were developed adopting a converged SHELL281 mesh generated by 

quadrilateral finite elements with 50 mm side and refined at the line around the cutout. 

4. Constructal Design Method Application 

The Constructal Design (CD) method allows the understanding of the effect of geometric configuration on the 

system performance. According to Bejan (2019) and Bejan and Peder Zane (2012), the Constructal Law is 

revolutionary because it is a law of physics and governs the design and rhythm of any finite-size flow system, 

anywhere, encompassing animate (trees and animals), inanimate (rivers and lightning bolts), and engineered 

(technology) phenomena. In other words, the Constructal Law can be understood as a unifying principle of design 

(Rocha et al., 2013). It is important to mention that CD is not an optimization method, being necessary to use it 

simultaneously with an optimization technique if the goal is to reach a superior performance for the analyzed system 

(dos Santos et al., 2017). In this work, it is used the Exhaustive Search technique (ES) as the optimization method. It 

is important to highlight the CD method is widely applied in transport phenomena engineering problems, for instance: 

Chen et al. (2024); Cunegatto et al. (2023); Dan et al. (2024); Feijó et al. (2022); Feng et al. (2023); Feng et al. (2024); 

Liu et al. (2023); Lu et al. (2024); Nunes et al. (2021); Razera et al. (2022); Zhang et al. (2021). However, according 

to Bejan and Lorente (2008), in Structural Engineering, systems can be conceptualized as flow systems tailored to 

guide the distribution of stress. While interpreting stress as a flow may seem unconventional, it proves useful for 

determining the optimal geometric configuration of structural components under stress. For each failure mechanism, 

there are ways to channel stresses to maximize load capacity within a fixed volume or reduce volume for a given load 

(Lorente et al., 2010). da Silveira et al. (2022) provide further detail on the benefits of Constructal Design (CD) in 

Structural Engineering. Bejan and Lorente suggest that all flow systems inherently possess imperfections, which 

cannot be eliminated but can be strategically distributed to ease the flow of currents (Bejan & Lorente, 2008). In 

Mechanics of Materials, these imperfections manifest as stress concentrations. Thus, achieving superior structural 

performance relies on distributing maximum allowable stresses uniformly throughout the material. As outlined by 

Dos Santos et al., applying the Constructal Design (CD) method involves setting constraints (either global or local), 
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defining at least one degree of freedom (to vary within these constraints), and selecting at least one performance 

indicator for optimization (dos Santos et al., 2017). Within this framework, the current study examines the mechanical 

behavior of perforated square and rectangular steel plates under biaxial compressive loads of equal magnitude in both 

in-plane directions, focusing on elasto-plastic buckling behavior. As constraints were considered: the plate volume 

(V), the plate thickness (t), and the volume fraction (ϕ) which is defined as the ratio between the elliptical perforation 

volume and the reference plate volume (without hole). As degrees of freedom were considered: the plate’s aspect ratio 

(b/a), the elliptical hole aspect ratio (b0/a0), and the hole angular orientation (α). In addition, two performance 

indicators were used: the Normalized Ultimate Stress (NUS), which should be maximized and is calculated as the ratio 

of the ultimate stress of the perforated plate (σu) and the ultimate stress of the reference plate (σur); and for the cases 

where the same NUS was obtained to more than one b0/a0, the Normalized Maximum Deflection (NMD) was also 

applied, which might be minimized and is defined by the ratio between the maximum deflection obtained for the 

perforated plate (Uz) and for the reference plate (Uzr). Notably, each geometric configuration suggested by the CD 

method (the search space) was evaluated through numerical simulations—around 700 cases in total—with their results 

compared to achieve geometric optimization using the Exhaustive Search (ES) technique. Figure 2 provides a 

simulation tree that defines the search space used by CD, while Figure 3 outlines the steps involved in the application 

of CD, FEM, and ES for this engineering problem. 

 

Figure 2. Simulation Tree to Define the Search Space by using Constructal Design. 
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Figure 3. Flowchart of Constructal Design, Finite Element Method, and Exhaustive Search Application in the 

Geometric Optimization. 

5. Results and Discussion 

The simply-supported steel plates analyzed are made of AH-36 steel, characterized by the next properties: σy = 

355 MPa, E = 210 GPa, and ν = 0.30. As shown in Figure 2, three different b/a values were analyzed, maintaining the 

same thickness t = 12 mm: b/a = 1 (a = b = 1414.214 mm); b/a = 0.5 (a = 2000 mm and b = 1000 mm); and b/a = 0.25 

(a = 2828.43 mm and b = 707.11 mm), resulting in the same volume of material for all ratios of b/a. Five different 
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volume fractions were adopted for the elliptical cutouts: ϕ = 0.025; 0.05; 0.10; 0.15; and 0.20. In addition, four 

different orientations of cutout were considered for all analyzed perforations: α = 0º; 15º; 30º; and 45º. Varying a0 and 

b0, for all ϕ, the cutout geometry was changed (through the degree of freedom b0/a0) keeping constant the volume of 

removed material. In this section, the obtained curves for the NUS variation as a function of the degrees of freedom 

variations are presented for all volume fractions considering α = 0º. Moreover, von Mises stress distributions are 

presented for ϕ = 0.05 and α = 0º. In addition, curves from NUS analysis and von Mises stress distributions for 

orientations α = 15º; 30º; and 45º are presented in Appendix A and are considered in discussions of results. Plates 

were analyzed for all volume fractions ϕ. Several values for the ratio b0/a0 were considered, hence varying the 

dimensions a0 and b0 (see Figure 1b) and the cutout’s geometry, but maintaining the same volume of removed material 

by the perforation. All σu obtained were used to calculate the NUS factor, considering as a reference the ultimate stress 

σur of the no-hole plate (see Figure 1a). When necessary, the maximum deflection Uz obtained from the numerical 

simulations was used to calculate the NMD factor, taking into account the maximum deflection of the no-hole 

reference plate Uzr. Table 1 presents the aspect ratios for the reference plate (see Figure 1), as well as its numerical 

results for stress and deflection. 

Table 1. Reference Values of Stress and Deflection for each Plate’s Aspect Ratio. 

b/a σur (MPa) Uzr (mm) 

1 56.80 44.73 

0.5 49.70 39.41 

0.25 56.80 11.20 

5.1. Square Plates with b/a = 1 

Figure 4 presents the obtained curves for NUS varying the degree of freedom b0/a0 for all volume fractions and α 

= 0º. The obtained curves for α = 15º; 30º; and 45º are presented, respectively, in Figs. A.1; A.2; and A.3 in Appendix 

A. 

 

Figure 4. Curves of the NUS for the Plates with b/a = 1 and α = 0º. 

Based on Figures 4 and A.1 to A.3 it is noticeable that independently of orientation α, the NUS factor behavior 

follows the same pattern, increasing from the smaller values of b0/a0 to close to b0/a0 = 1.000, and then decreasing as 

b0/a0 increases. In addition, as expected it is possible to infer that the increase in cutout volume fraction directly 

impacts the mechanical strength of the plate, leading to a reduction in NUS values. For smaller volume fractions, 

several geometries achieved the maximum NUS requiring a second evaluation based on the NMD factor. On the other 

hand, as ϕ increases, the quantity of geometries with maximized NUS decreased making necessary the NMD evaluation 

for a smaller quantity of cases. As the maximized NUS was obtained for more than one b0/a0, the consideration of the 

NMD factor was needed to obtain the geometry once optimized for each α. It was observed that for all square plates 
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(b/a = 1) the geometry, once optimized, with maximized NUS and minimized NMD is the circular hole (b0/a0)o = 

1.000. As for the circular hole the orientation α is not effective, the geometry twice optimized for square plates and 

for all ϕ values, is (b0/a0)2o = 1.000. Table 2 presents the best results for each volume fraction and Figure 5 depicts the 

von Mises stress distributions for the square plates with ϕ = 0.05. 

Table 2. Optimizations in First and Second Levels for each Volume Fraction and b/a = 1. 

ϕ α (b0/a0)o NUSm (b0/a0)2o NUS2m NUSmin αo 

0.025 

0° 1.000 0.969 

1.000 0.969 0.969 - 
15° 1.000 0.969 

30° 1.000 0.969 

45° 1.000 0.969 

0.05 

0° 1.000 0.969 

1.000 0.969 0.906 - 
15° 1.000 0.969 

30° 1.000 0.969 

45° 1.000 0.969 

0.10 

0° 1.000 0.906 

1.000 0.906 0.781 - 
15° 1.000 0.906 

30° 1.000 0.906 

45° 1.000 0.906 

0.15 

0° 1.000 0.875 

1.000 0.875 0.734 - 
15° 1.000 0.875 

30° 1.000 0.875 

45° 1.000 0.875 

0.20 

0° 1.000 0.813 

1.000 0.813 0.688 - 
15° 1.000 0.813 

30° 1.000 0.813 

45° 1.000 0.813 

 

Figure 5. Distribution of Von Mises Stresses for the Plates with b/a = 1, ϕ = 0.05, and α = 0°, being: (a) b0/a0 = 

0.199; (b) b0/a0 = 0.354; (c) b0/a0 = 0.509; (d) (b0/a0)2o = 1.000; (e) b0/a0 = 1.415; and (f) b0/a0 = 3.183. 

From Figure 5, it is noticeable the difference on von Mises stresses among the plates due to cutout variation. To 
evaluate the stress distributions, the Constructal Principle of Optimal Distribution of Imperfections (PODI) was 
applied, with the imperfections in Mechanics of Materials problems represented by the maximum stress concentrations 
(Bejan & Lorente, 2008). The geometries (c), (d), and (e) of Figure 5 are the ones that achieved the higher values for 
the NUS factor. For these von Mises stress distributions, it is worth mentioning the bigger quantity of areas submitted 
to the maximum stresses (represented by red color) if compared to the cases (a), (b), and (f) of Figure 5, which reached 
the worst mechanical behavior. Among the plates with the best performance, the perforation of (b0/a0)2o = 1.000 is the 
one that provides the best distribution of stresses since a symmetric distribution of von Mises stresses was provided. 
The same behavior can be observed in Figures B.1 to B.3 in Appendix B, where the circular hole is the one that 
conducts to the superior performance. 

5.2. Rectangular Plates with b/a = 0.5 

Considering b/a = 0.5 and observing the references values in Table 1, it is worth mentioning that occurs a reduction 
of 12.5% in the plate strength if compared with the square plate (b/a = 1) and the same occurs to the deflection, which 
is 11.89% inferior to that obtained for the reference square plate. Figure 6 presents the generated curves due to the 
NUS variation according to the several b0/a0 ratio values for all volume fractions and α = 0º. The analogous curves for 
α = 15º; 30º; and 45º are plotted, respectively, in Figures. A.4; A.5; and A.6 of Appendix A. 
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Figure 6. Curves of the NUS for the Plates with b/a = 0.5 and α = 0°. 

Based on Figure 6 and Figures A.4 to A.6 (see appendix A), one can observe that for b/a = 0.5, the plate mechanical 
behavior is better, in a general way, for the geometric configurations with b0/a0 ≤ 1.000 and inclination angle α = 0º. 
However, in cases having b0/a0 ˃ 1.000, the inclination angle α = 45º conducts to the best mechanical performance. 
Moreover, for the volume fractions (ϕ) analyzed, it is possible to infer that the mechanical behavior is directly affected 
by the increasing of removed material volumes, occurring as expected a reduction of the NUS factor as ϕ increases. 
Still considering Figures 6 and A.4 to A.6, for the cases in which the same maximized NUS magnitude was achieved 
for more than one b0/a0 value, the consideration of NMD factor was needed to obtain the geometry once optimized for 
each α. Therefore, the results showed different optimized geometries for each volume fraction analyzed. The best 
results of each volume fraction, considering inclination angles and two optimizations, are presented in Table 3. Besides 
that, Figure 7 depicts the distribution of von Mises stresses for rectangular plates with b/a = 0.5, ϕ = 0.05, and α = 0º. 
Regarding the results of Figure 7, it can be observed the influence of cutout in the von Mises stress distribution on 
these rectangular steel plates. The twice-optimized geometry presented in Figure 7c is responsible for the best plate 
performance. Comparing this geometry defined by (b0/a0)2o = 0.509 with the others, one can note that the superior 
mechanical behavior was obtained by the plate that has the greater area of maximum stresses (imperfections of the 
system), represented by red color. It means that the plate of Figure 7c, which reached the NUS2m = 0.862, is in line 
with the PODI (Bejan & Lorente, 2008). The same behavior can be seen in Figures B.4 to B.6 (see appendix B), where 
different inclination angles are considered for the distribution of von Mises stresses; as well as in previous works 
addressed to similar structural engineering applications, such as Helbig et al. (2016); Lima et al. (2020). 

Table 3(a). Optimizations in First and Second Levels for each Volume Fraction and b/a = 0.5. 

ϕ α (b0/a0)o NUSm (b0/a0)2o NUS2m NUSmin αo 

0.025 

0° 0.707 0.929 

0.707 0.929 0.839 0° 
15° 0.707 0.929 

30° 0.707 0.929 

45° 1.592 0.929 

0.05 

0° 0.509 0.862 

0.509 0.862 0.732 0° 
15° 0.796 0.857 

30° 0.796 0.839 

45° 1.000 0.839 

0.10 

0° 0.314 0.741 

0.314 0.741 0.571 0° 
15° 0.520 0.732 

30° 0.707 0.696 

45° 1.000 0.696 
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Table 3(b). Optimizations in First and Second Levels for each Volume Fraction and b/a = 0.5. 

ϕ α (b0/a0)o NUSm (b0/a0)2o NUS2m NUSmin αo 

0.15 

0° 0.226 0.647 

0.226 0.647 0.464 0° 
15° 0.382 0.616 

30° 0.597 0.589 

45° 1.000 0.571 

0.20 

0° 0.260 0.589 

0.260 0.589 0.375 0° 
15° 0.421 0.518 

30° 0.629 0.464 

45° 2.037 0.429 

 

Figure 7. Distribution of von Mises stresses for the plates with b/a = 0.5, ϕ = 0.05, and α = 0°, being: (a) b0/a0 = 

0.260; (b) b0/a0 = 0.354; (c) (b0/a0)2o = 0.509; (d) b0/a0 = 1.000; (e) b0/a0 = 1.415; and (f) b0/a0 = 3.183. 

5.3. Rectangular Plates with b/a = 0.25 

The third analysis group is related to rectangular plates having b/a = 0.25, with dimensions and properties earlier 

described, and that were analyzed for the five proposed values of volume fractions ϕ. Through Table 1, it is noticeable 

that the ur is the same obtained result for b/a = 1. Although the ultimate stress is the same that for a square plate, it 

is essential to note that when considering the maximum deflection Uzr for both cases, the square plate has a deflection 

299.4% bigger than the one obtained for b/a = 0.25. Figure 8 presents the generated curves for NUS varying the degree 

of freedom b0/a0 for all volume fractions and  = 0º. The obtained curves for  = 15º; 30º; and 45º are presented, 

respectively, in Figures A.7; A.8; and A.9 (Appendix A). 

 

Figure 8. Curves of the NUS for the Plates with b/a = 0.25 and α = 0°. 
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Figures 8 and A.7 to A.9 indicate that the increasing volume fraction  causes a worsening of mechanical behavior, 

as already observed in b/a = 1 and 0.5. Especially for the cases considering  = 45º, for the tested cutouts, the geometry 

variation is not effective in changing the mechanical behavior. What can be noted, as characteristics for these analyses, 
is that for the major part of optimized geometric configurations and all twice-optimized geometries, the best 
performance is achieved for bigger values of b0/a0, i.e., the best mechanical behaviors are reached as longer is the hole 

geometry in the y-direction. Figure 9 illustrates the von Mises stress distributions for the plates with b/a = 0.25,  = 

0.05, and  = 0º. In Appendix B, Figures B.7 to B.9 illustrate the same analysis for different inclination angles. 

Assitionaly, Table 4 presents the best results considering inclination angles and two optimization levels. When 
compared to the general behavior of plates for the three aspect ratios (b/a) analyzed, b/a = 0.25 presents a different 
behavior considering its optimal geometries. From Figures 9 and B.7 to B.9 can be observed that, for this aspect ratio, 
plates present smaller areas submitted to the maximum stresses (represented by red color), and these areas are 
concentrated around the cutout, as can be seen in Figure 9d for the twice-optimized geometry (b0/a0)2o = 1.415 with 

b/a = 0.25,  = 0.05, and  = 0°. On the other hand, the major area of the plate is subjected to smaller stresses or even 

null stresses (represented by blue color), as can be seen in Figure B.7d for (b0/a0)o = 1.415. Based on these 
observations, it can be affirmed that for b/a = 0.25 the mechanical behavior is defined, basically, by the distribution 
of stresses around the cutout. This finding can be explained based on the flow of stresses by elasto-plastic buckling, 
which can be more or less affected by the cutout geometry. Considering the dimension in the x-direction is four times 
bigger than the y-direction, for b/a = 0.25, stresses in the y-direction are considerably larger than the stresses in the x-
direction, meaning that the optimal geometries will be the ones that provide the best flow of stresses in the y-direction, 
i.e., in the direction of the most representative stresses in the system. This observation and the results of the optimized 
geometric configuration agree with the Constructal PODI (Bejan & Lorente, 2008). 

 

Figure 9. Distribution of Von Mises Stresses for the Plates with b/a = 0.25,  = 0.05, and  = 0°, being: (a) b0/a0 = 

0.260; (b) b0/a0 = 0.509; (c) b0/a0 = 1.000; and (d) (b0/a0)2o = 1.415. 

Table 4. Optimizations in First and Second Levels for each Volume Fraction and b/a = 0.25. 

  (b0/a0)o NUSm (b0/a0)2o NUS2m NUSmin αo 

0.025 

0° 4.814 0.953 

4.814 0.953 0.703 0° 
15° 4.814 0.938 
30° 4.814 0.906 
45° 1.000 0.844 

0.05 

0° 1.415 0.813 

1.415 0.813 0.578 0° 
15° 1.415 0.781 
30° 1.415 0.781 
45° 0.260 0.781 

0.10 

0° 1.000 0.625 

1.592 0.688 0.250 30° 
15° 1.000 0.625 
30° 1.592 0.688 
45° 0.520 0.625 

0.15 

0° 0.780 0.500 

0.780 0.500 0.219 30° 
15° 0.780 0.500 
30° 0.780 0.500 
45° 0.780 0.438 

0.20 

0° 0.509 0.344 

0.629 0.375 0.219 15° 
15° 0.629 0.375 
30° - - 
45° - - 
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5.4. Global Comparison 

Through the comparison among obtained results for the three investigated b/a values, considering all proposed 

inclination angles , all studied volume fractions , and all analyzed degrees of freedom b0/a0, it can be achieved the 

third level of optimization of this study. Figure 10 presents the distribution of von Mises stresses for the three times 

optimized geometries for each volume fraction . 

 

Figure 10. Distribution of von Mises stresses at the third optimized geometry for (a)  = 0.025; (b)  = 0.05; (c)  = 

0.10; (d)  = 0.15; and (e)  = 0.20. 

Figure 10 illustrates that for all volume fractions, the same degree of freedom was obtained, being the circular 

hole, the geometry three times optimized, (b0/a0)3o = 1.000. The optimized aspect ratio b/a is the one that conducts to 

the square plate (b/a)o =1. Once the circular hole is the three times optimized geometry, while the inclination angle 

twice optimized, 2o, does not affect the results. Examples of circular holes application in real-world engineering 

structures can be observed in Figure 11. 

 

Figure 11. Application of Circular and Elliptical Holes in Engineering Structures. 

Figure 11 illustrates some images from oil and gas, aeronautical, and naval structures. One can observe circular 

holes in a drillsihip, in internal reinforcements of an aircraft wing, and in ship hulls, as well as elliptical cutouts used 

as airplane windows. Therefore, it is evident that this type of perforation is applicable to a broad range of real-world 

scenarios in structural engineering, emphasizing the importance of understanding the mechanical behavior of 

perforated plates under buckling conditions. 

6. Conclusions 

Understanding the behavior of thin steel plates is crucial, as these structural components are used in many 

engineering applications. The approach to elasto-plastic buckling is particularly important when designing lighter 

structures with higher mechanical strength, as this phenomenon allows for an increased load capacity compared to 

elastic buckling. The Finite Element Method (FEM), combined with Constructal Design (CD) and Exhaustive Search 

Technique (ES), was adopted to optimize the geometries of perforated plates with a centered elliptical cutout to 
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achieve the best structural performance under biaxial compressive loads, up to elasto-plastic buckling. This approach 

to such real-world Structural Engineering problems represents an original scientific contribution of this research. 

Through the analysis of the aspect ratio b/a for the plates, it was possible to observe that the variation of b/a affects 

directly the mechanical behavior of the plate. Among the analyzed reference plates (without cutouts), the best 

performance was achieved with b/a = 0.25. When considering b/a values of 0.25 and 1, the ultimate stress obtained 

was the same, being 14.3% higher than for b/a = 0.5. Additionally, regarding plate deflections, the plate with b/a = 

0.25 is the best option among those without holes. For maximum deflections, the plate with b/a = 1 had deflections 

13.5% and 229.4% greater than those for b/a = 0.25, respectively. In the case of perforated plates, a change in 

mechanical behavior was also noted with varying b/a, particularly for b/a = 0.25, where maximum stresses are 

concentrated around the cutout, and the majority of the plate area experiences low or negligible stresses. Analyzing 

stress components in the x-direction and y-direction revealed that for b/a = 0.25, stresses in the y-direction are 

significantly greater than those in the x-direction. This is a consequence of the resultant load applied at the boundaries, 

which changes with the values of a and b. Regarding the mechanical strength of perforated plates, as expected, the 

presence of a cutout reduces the Normalized Ultimate Stress (NUS) compared to the reference plate (without a hole). 

The reduction in NUS increases with the volume fraction . Reductions of up to 18.7%, 41.1%, and 62.5% were 

observed for b/a = 1, 0.5, and 0.25, respectively, for ϕ = 0.20. For each volume fraction () and aspect ratio (b/a), 

optimizations were performed obtaining geometries twice-optimized and their respective inclination angles once-

optimized. A third analysis was conducted, resulting in a geometry three times optimized with the inclination angle 

twice-optimized and the optimal aspect ratio. It was concluded that, for plates with the same material volume and 

thickness, the variation in aspect ratio leads to an optimal (b/a)o = 1, which corresponds to a square plate, for all 

volume fractions . The three times optimized geometry is (b0/a0)3o = 1.000 indicating that the circular hole provides 

the best performance among all analyzed geometries. Since the circular hole is the three times optimized geometry, it 

means that the inclination angle twice-optimized does not affect this case. On the other hand, for practical applications, 

the use of rectangular plates can be required. For that, different values of b0/a0 can conduct to results twice optimized, 

which are dependent on α and b/a, as an example: (b0/a0)2o = 0.260 for b/a = 0.5,  = 0.20, and o = 30°, which 

represents an increasing of 37.3% when compared to the circular hole. As illustrated in Figure 11, in engineering 

structures the most varied applications for the use of steel plates with elliptical and mainly circular perforations are 

found in practice. Civil, naval, offshore, aerospace, and automotive engineering, among others, widely employ this 

type of cutout in real-world design solutions, justifying the relevance of its study. 

In summary, the main finding that emerge from the present work are: i) The development of a verified and validated 

FEM computational model to numerically simulate the biaxial elasto-plastic buckling of metal plates with or without 

perforations; ii) The development of a methodology combining FEM, CD, and ES, which not only determines the 

optimized geometric configuration of the investigated structural problem but also identifies how geometric variations 

influence the considered performance indicator; iii)  Understanding the elasto-plastic buckling of thin steel plates is 

essential, particularly for the design of lighter structures with higher mechanical strength, as it allows for increased 

load capacity compared to elastic buckling; iv) The aspect ratio b/a has a significant impact on the mechanical behavior 

of plates: for plates without cutouts, the best performance was observed at b/a = 0.25, achieving the highest ultimate 

stress and minimized deflections; v) As expected, the presence of perforations in the plate reduces its ultimate buckling 

stress capacity; and vi) In general, circular holes lead to superior mechanical performance for perforated plates under 

biaxial elasto-plastic buckling, but in certain cases of rectangular plates (b/a < 1), elliptical holes achieved better 

mechanical performance than circular ones. In future works it is recommended to apply the methodology developed 

in the present work to investigate other types of perforations (such as rectangular, oblong, and hexagonal), as well as 

to take into account the presence of a lateral pressure incidng over the plate in addition to the baiaxial compressive 

load. 
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Appendix A 

 

Figure A.1. Curves of the NUS for the Plates with b/a = 1 and = 15°. 

 

Figure A.2. Curves of the NUS for the Plates with b/a = 1 and  = 30°. 

 

Figure A.3. Curves of the NUS for the Plates with b/a = 1 and  = 45°. 
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Figure A.4. Curves of the NUS for the Plates with b/a = 0.5 and = 15°. 

 

Figure A.5. Curves of the NUS for the Plates with b/a = 0.5 and = 30°. 

 

Figure A.6. Curves of the NUS for the Plates with b/a = 0.5 and = 45°. 
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Figure A.7. Curves of the NUS for the Plates with b/a = 0.25 and = 15°. 

 

Figure A.8. Curves of the NUS for the Plates with b/a = 0.25 and = 30°. 

 

Figure A.9. Curves of the NUS for the Plates with b/a = 0.25 and = 45°. 
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Appendix B 

 

Figure B.1. Distribution of Von Mises Stresses for the Plates with b/a = 1, ϕ = 0.05, and  = 15°, being: (a) b0/a0 = 

0.199; (b) b0/a0 = 0.354; (c) b0/a0 = 0.509; (d) (b0/a0)2o = 1.000; (e) b0/a0 = 1.415; and (f) b0/a0 = 3.183. 

 

Figure B.2. Distribution of Von Mises Stresses for the Plates with b/a = 1, ϕ = 0.05, and  = 30°, being: (a) b0/a0 = 

0.199; (b) b0/a0 = 0.354; (c) b0/a0 = 0.509; (d) (b0/a0)2o = 1.000; (e) b0/a0 = 1.415; and (f) b0/a0 = 3.183. 

 

Figure B.3. Distribution of Von Mises Stresses for the Plates with b/a = 1, ϕ = 0.05, and  = 45°, being: (a) b0/a0 = 

0.199; (b) b0/a0 = 0.354; (c) b0/a0 = 0.509; (d) (b0/a0)2o = 1.000; (e) b0/a0 = 1.415; and (f) b0/a0 = 3.183. 

 

Figure B.4. Distribution of Von Mises Stresses for the Plates with b/a = 0.5, ϕ = 0.05, and  = 15°, being: (a) b0/a0 

= 0.260; (b) b0/a0 = 0.354; (c) (b0/a0)o = 0.796; (d) b0/a0 = 1.000; (e) b0/a0 = 1.415; and (f) b0/a0 = 3.183. 

 

Figure B.5. Distribution of Von Mises Stresses for the Plates with b/a = 0.5, ϕ = 0.05; and  = 30°, being: (a) b0/a0 

= 0.260; (b) b0/a0 = 0.354; (c) (b0/a0)o = 0.509; (d) b0/a0 = 1.000; (e) b0/a0 = 1.415; and (f) b0/a0 = 3.183. 
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Figure B.6. Distribution of Von Mises Stresses for the Plates with b/a = 0.5, ϕ = 0.05, and  = 45°, being: (a) b0/a0 

= 0.260; (b) b0/a0 = 0.354; (c) (b0/a0)o = 0.509; (d) b0/a0 = 1.000; (e) b0/a0 = 1.415; and (f) b0/a0 = 3.183. 

 

Figure B.7. Distribution of Von Mises Stresses for the Plates with b/a = 0.25, ϕ = 0.05, and  = 15°, being: (a) b0/a0 

= 0.260; (b) b0/a0 = 0.509; (c) b0/a0 = 1.000; and (d) (b0/a0)o = 1.415. 

 

Figure B.8. Distribution of von Mises stresses for the plates with b/a = 0.25, ϕ = 0.05, and = 30°, being: (a) b0/a0 

= 0.260; (b) b0/a0 = 0.509; (c) b0/a0 = 1.000; and (d) (b0/a0)o = 1.415. 

 

Figure B.9. Distribution of von Mises stresses for the plates with b/a = 0.25, ϕ = 0.05, and  = 45°, being: (a) 

(b0/a0)o = 0.260; (b) b0/a0 = 0.509; (c) b0/a0 = 1.000; and (d) 1.415. 

Glossary 

Aspect Ratio: The proportion between the plate's length and width, affecting its buckling modes. 

Boundary Conditions: Constraints applied to the edges of the plate that influence buckling behavior. 

Buckling Load Factor: A multiplier indicating how close the applied load is to the calculated critical buckling load. 

Circular/Elliptical Perforations: Openings in plates to optimize structural efficiency, affecting the buckling modes. 

Constructal Design Method: A geometric evaluation method inspired by nature, aiming to improve the flow and 
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distribution of structures to minimize resistance or maximize efficiency. 

Critical Load: The minimum load at which buckling occurs. 

Elastic Buckling: Deformation of a structure under critical load, with the material remaining in the elastic range. 

Elasto-plastic Buckling: Buckling involving both elastic and plastic deformation, occurring after the yield point. 

Exhaustive Search Technique: An optimization technique where all possible configurations are explored to find 

the best design. 

Finite Element Method (FEM): A numerical simulation technique used to study buckling behavior by dividing the 

structure into smaller, solvable elements. 

Imperfections: Small geometric irregularities in plates that can affect buckling behavior. 

Linear vs. Nonlinear Analysis: Linear assumes small deformations, while nonlinear includes large displacements 

and plasticity effects. 

Load Factor: The ratio of the applied load to the critical load, used to predict structural stability. 

Load-bearing Capacity: The maximum load a plate can sustain before buckling failure. 

Material Anisotropy: The property of materials having different mechanical characteristics in different directions, 

relevant in buckling analysis. 

Mode Shapes: The various deformation patterns a plate can exhibit when buckling. 

Optimization: The process of adjusting geometric parameters (e.g., perforation size, perforation shape, perforation 

type) to improve resistance to buckling. 

Perforated Plates: Steel plates with circular or elliptical holes to reduce weight or optimize material distribution. 

Plastic Hinge Formation: Localized plastic deformation in a plate affecting its post-buckling behavior. 

Post-Buckling Behavior: Analysis of how the structure behaves after initial buckling, especially in elasto-plastic 

scenarios. 

Residual Stresses: Stresses present in the material before external loads, influencing buckling behavior. 

Safety Factor: A design margin used to prevent buckling failure, especially for elasto-plastic materials. 

Slenderness Ratio: The ratio of a plate's height to its thickness, determining susceptibility to buckling. 

Stiffness Matrix: A matrix in FEM representing a structure's resistance to deformation under load. 

Stress Concentration: Increased stress around perforations or holes, influencing the plate's resistance to buckling. 

Structural Integrity: Evaluation of a perforated plate's ability to maintain functionality without buckling. 

Thickness Ratio: The ratio of plate thickness to other dimensions, which affects its buckling resistance. 

Ultimate Buckling Load: The maximum load that a structural component can sustain before it experiences buckling 

failure. 

von Mises Stress: A criterion for predicting when a material will start to deform plastically. 

Yield Point: The point at which material transitions from elastic to plastic deformation. 

 


